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ABSTRACT 


This  report  is  concerned  with  multiple-line  redundancy,  a  means  of  Increasing  the 
reliability  of  electronic  systems,  it  describes  in  detail  a  procedure  for  synthesizing  redu. 
dantsystems  in  an  optimum  manner.  The  procedure  balances  the  reliability  advantage  of 
redundancy  against  the  coat,  weight  and  power  penalties  it  introduces.  It  is  also  applicable 
to  other  problems  which  require  the  optimization  of  a  large  number  erf  binary  decisions.  7  ■ 
report  describes  a  program  which  has  been  written  to  mplement  the  procedure  on  a  digital 
computer.  The  program  has  been  run  successfully  on  example  networks  and  iB  now  ready 
for  specific  application. 
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I.  INTRODUCTION 


Every  electronic  component  is  subject  to  failure,  although  modern  technology  has 
reduced  the  rate  of  this  failure  to  extremely  law  levels.  As  modern  warfare  and  data  pro¬ 
cessing  require  machines  which  perform  more  and  more  sophisticated  tasks,  the  electronics 
industry  responds  with  extremely  complex  equipment  requiring  prodigious  numbers  o f  parts. 
Since  a  nonredundant  machine  requires  the  correct  functioning  of  all  its  components,  the 
individual  small  probabilities  of  failure  accumulate  to  yield  a  very  significant  probability  of 
failure  for  the  equipment,  causing  an  average  time  between  failures  of  only  a  matter  of  hours. 
For  the  repairable  machine,  this  means  down  time  while  repair  is  effected.  For  the  non- 
repairable  machine,  such  as  might  be  found  in  an  unmanned  orbttal  satellite  or  a  ballistic 
missile  guidance  system,  it  means  failure  of  a  mission. 

Often  the  down  time  associated  with  repair  or  the  failure  of  a  mission  cannot  be  allowed 
or,  at  least,  is  extremely  expensive.  To  overcome  failure  of  modern  electronic  equipment, 
tt>e  use  of  redundancy  has  been  proposed.  In  general,  the  term  redundancy  refers  to  extra 
equipment  incorporated  into  the  system  which  is  above  and  beyond  the  minimum  required  to 
implement  the  task.  This  additional  equipment  is  merged  into  the  system  such  that  failures 
are  masked  or  overcome  and  the  system  operation  ts  maintained  even  though  a  number  of 
circuit  failures  have  occurred. 

This  study  has  dsalt  with  multiple -line  redundancy,  which  is  described  in  detail  in 
Section  II  of  this  report.  Westing  house  has  studied  several  schemes  for  incorporating  cir¬ 
cuit  redundancy  into  digital  machines,  and  this  has  bsen  found  to  be  the  most  effective. 

Multiple-line  redundancy  operates,  In  parallel,  a  number  of  replicas  of  each  circuit 
in  the  nonredundant  network.  The  number  of  replicas  of  a  circuit  is  Its  order  of  redundancy. 
Groups  of  circuits  called  restorers,  whose  sols  purpose  ts  the  corroctlon  of  errors  which 
arise  due  to  circuit  failures,  are  placed  at  various  points  in  the  network.  The  redundancy 
of  circuits  plus  the  restorers  provide  s  network  with  an  ability  to  withstand  a  number  of  cir¬ 
cuit  failures  without  Impairment  of  Its  operation. 

Paat  studies  by  Westlnghouss,  and  a  number  of  other  investigations,  have  shown  that 
multiple-line  redundancy  la  Indeed  a  valid  approach  to  increasing  the  reliability  of  electronic 
equipment.  This  study  la  devoted  to  establishing  procedures  with  which  the  designer  can 
determine  the  best  way  to  Incorporate  redundancy.  It  eeeks  to  answer  the  question,  "Given 
the  nonredundant  network,  the  reliability  and  cost  of  all  Its  parts  and  the  reliability  and  cost 
of  restorers,  what  is  the  optimum  way  to  assign  redundancy  to  the  circuits  and  what  is  the 
optimum  way  to  place  restorers  in  the  network?"  This  is  the  problem  of  synthesis. 
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The  first  atep  toward  a  procedure  to  perform  eynthesle  Is  the  proposal  of  factors  which 
are  to  be  considered  in  determining  whether  one  network  design  is  better  than  another.  This 
study  has  combined  the  factors  of  cost  of  the  circuits  in  the  network,  reliability,  weight,  and 
power  into  a  single  criterion  for  optimization  which  is  called  the  True  Cost.  The  network 
which  has  the  minimum  True  Cost  is  the  optimum  network. 

The  most  obvious  approach  to  finding  th*  optimum  network  design  is  to  try  all  the 
alternatives,  measuring  their  True  Costs,  and  picking  out  the  most  Inexpensive  design. 
Unfortunately,  the  number  of  alternatives  one  has  to  consider  increases  so  rapidly  with  the 
size  of  the  network  that  this  ''Xhaustlve  search  approach  is  eminently  impracticable  for  all 
but  the  smallest  networks.  What  is  desired  from  this  study  is  a  synthesis  procedure  which 
is  deterministic,  in  that  it  gives  the  network  that  mtnimLze6  the  True  Cost,  and  which  can  be 
performed  in  a  reasonable  amount  of  time  with  the  aid  of  a  computer. 

This  report  describes  a  procedure  called  the  "Isolating  Array  Synthesis  Procedure" 
which  uses  a  characteristic  of  multiple -line  networks  to  considerably  reduce  the  number  of 
calculations  from  the  amount  required  for  exhaustive  search.  At  this  point  In  the  study,  the 
same  number  of  replicas  must  be  provided  for  all  circuits.  The  procedure  is  deterministic, 
but  there  are  approximations  Inherent  in  its  operation,  and  the  result  may  not  be  the  design 
which  minimizes  the  True  Cost  The  approximations  are  small,  however,  and  for  most 
problems,  the  True  Cost  of  the  result  of  the  Procedure  will  be  very  little  greater  than  the 
minimum  True  Coet  The  approximations  are  Justified  by  »he  considerable  savings  in  effort 
that  are  available  through  the  use  of  the  procedure.  The  result  of  this  study  Ib  a  significant 
contribution  and  is  the  first  mesas  proposed  for  finding  the  optimum  arrangement  of  restorers 
short  of  an  exhaustive  search. 

The  basic  concepts  of  the  Isolating  Array  Synthesis  Procedure  were  introduced  in  the 
First  Annual  Report  (1)  along  with  a  new  reliability  analysis  technique  for  multiple  line  net¬ 
works.  Most  of  the  work  during  tbs  last  ysar  was  concerned  with  developing  the  synthesis 
procedure  in  sufficient  detail  so  that  it  could  bo  Implemented  on  s  digital  computer.  In  the 
course  a!  those  studies  a  numiter  of  modifications  and  simplification!  were  incorporated  into 
the  procedure  that  were  not  preseat  In  the  version  described  in  the  First  Annual  Report, 
hence,  this  report  supercedes  the  first  one.  This  report  Is  Intended  to  be  a  complete,  self- 
contained  description  at  the  synthesis  procedure,  therefore  It  Includes  most  of  the  informa¬ 
tion  previously  reported  except  for  the  reliability  analysis  technique. 
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IL  DEFINITIONS 


A.  MULTIPLE-LINE  REDUNDANCY 

The  type  of  network  under  study  is  shown  in  figure  2-J.  ':■■■  Sw-lp  of  this  f’gu>-p, 

several  terms  used  ir.  this  report  may  be  defined.  The  reef  it-.-.  i.'s?  figvr**  u  rp  non 

redundant  digital  rircults  operating  on  cinary  Information.  T*a.-y  ar>  mm".  ted  i«r  identifi¬ 
cation.  The  dots  in  the  rectangles  indicate  the  order  of  redund:c.  ;•  in  .  one. 

Although  the  complexity  of  the  circuits  is  not  strictly  Iiraitet  ••  tin*  most 

exact  representation  of  the  network  results  if  the  circuits  are  .m  possible,  per¬ 

forming  basic  logical  operations  such  as  AND,  OR,  NOR,  NOT  or  thr  sequential  functions 
of  flip-flops  or  other  memory  devices.  The  line  segments  represent  connections  between 
circuits.  A  line  segment  into  a  rectangle  is  an  input  to  the  circuit  and  a  line  segment  out  of 
a  rectangle  is  an  output. 


_  -i 

Figure  2-1.  Example  of  a  Nonredindant  Network 

The  type  of  redundancy  ut'lixed  in  this  report  is  one  studied  extensively  by  Westinghouse 
and  found  to  be  one  of  the  most  •  fftclent  type*  of  circuit  redundancy.  It  has  been  called 
multiple- line  redundancy  and  Is  llustrated  hy  figure  2-2. 

In  general,  multiple-line  redundancy  is  applied  by  replacing  the  single  circuit  of  the 
nonredundant  network  by  m  identical  circuits  operating  In  parallel.  The  symbol  m  is  railed 
the  order  of  redundancy.  For  the  example  m  is  3.  The  group  of  circuits  is  now  called  a 
junction. 

A  particular  circuit  in  a  redundant  function  is  Identified  by  its  position.  The  lower 
case  subscript  on  the  numeral  identifying  each  circuit  is  the  position  of  that  circuit. 
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Figure  2-2.  Order  3 -Multiple -Line  Redundant  Network 


Circuit*  or  networks  that  ar#  operating  correctly  tr  lines  which  carry  correct  informa¬ 
tion  are  said  to  he  successful.  The  opposite  states  of  incorrect  operation  or  Information  are 
called  failed. 

The  reliability  improvement  expected  with  the  use  of  redundant  circuits  depends  on  the 
ability  of  the  network  to  experience  circuit  failure*,  without  degradation  of  the  network  opera¬ 
tion.  The  use  of  restorers  within  the  network  provides  this  characteristic.  The  sets  of 
three  circles  in  the  figure  represent  restorers. 

The  restorer  consists  of  m  restoring  circuits.  If  a  restoring  circuit  Is  operating  cor¬ 
rectly,  It  has  the  ability  to  derive  the  correct  output  U  k  of  Its  m  Inputs  are  correct.  The 
restoring  circuits  for  the  example  are  majority  gates  with  k  *  2  and  m  «  3.  Working  re¬ 
storing  circuits  filter  out  errors  on  their  Inputs.  The  only  reason  for  an  erroneous  output 
line  of  a  restorer  la  the  failure  of  a  restoring  circuit  or  the  incidence  of  m  -  k  +  1  or  more 
errors  on  the  inputs  to  the  restorer.  In  the  event  of  the  latter  condition,  all  the  restorer 
outputs  become  erroneous  since  the  restoring  circuits  are  Identical.  Restoring  circuit 
reliability  Is  assumed  to  be  independent  of  whether  its  inputs  Include  failures.  If  the  restoring 
circuit  has  at  least  k  correct  inputs,  the  probability  that  its  output  is  correct  or  failed  depends 
only  on  the  reliability  of  the  restoring  circuit. 


When  the  functions  at  the  restorer's  input  and  output  are  the  same  order  of  redundancy, 
it  has  m  inputs  and  ra  outputs.  Its  inputs  are  the  outputs  of  one  function,  and  its  outputs  pro¬ 
vide  the  inputs  to  one  or  more  functions. 

Restorers  may  operate  on  the  output  lines  of  a  function,  as  described  in  this  section  or 
on  the  input  lines  to  a  function  as  described  in  references  (2),  (3),  and  (4).  Studies  at 
Westinghouse  Hycon  Eastern^,  and  at  IBM^  indicate  the  former  arrangement  io  "“osi 
effective.  Although  it  is  difficult  to  prove  in  general  that  output  voting  is  always  superior  to 
input  voting,  *his  has  been  the  case  for  every  specific  example  chosen.  This  report,  there¬ 
fore.  will  assume  that  all  networks  are  constructed  utilizing  output  voting. 

A  function  which  has  a  restorer  on  its  output  is  called  a  restored  function.  Errors  on 
the  output  of  a  restored  function  can  be  corrected  if  at  least  k  of  the  m  output  lines  are 
successful.  This  report  assumes  that  a  means  is  available  to  correct  errors  on  network 
outputs,  such  that  only  k  of  the  m  output  lines  need  be  successful  for  the  network  to  be 
operating  successfully.  The  functions  providing  network  outputs,  then,  are  also  classed  as 
restored  functions. 

With  s  functions  in  the  network,  numbers  from  1  to  s  identify  the  functions.  There  is 
a  possible  location  of  a  restorer  at  the  output  of  each  function;  it  may  or  may  not  contain  a 
restorer.  A  restorer  after  function  £  is  identified  by  the  number  s  +  £.  Thus,  in  this 
example  in  which  s  ■  8,  restorer  8  operates  on  the  output  lines  of  function  2  and  restorer  11 
operates  on  the  output  lines  tI  function  5. 

Two  assumptions  on  the  effects  of  circuit  failures  are  made  for  this  report.  First, 
when  a  circuit  (in  a  function  or  a  restorer)  falls,  its  output  is  always  in  error.  Secondly, 
when  a  circuit  in  a  funrtlm  is  an  input  which  Is  in  the  failed  condition,  the  output  of  that 
circuit  is  failed.  For  Inetai.  .e,  if  circuit  1^  is  failed,  its  own  output  and  the  outputs  of  the 
circuits  2a>  3^,  and  4a  are  in  error. 

Functions  are  interconnected  in  the  manner  shown  in  figure  2-2.  In  order  that  failure 
of  one  circuit  in  any  function  does  not  disable  the  Inputs  to  two  circuits  in  another  function, 
only  circuits  in  the  same  position  should  be  Interconnected. 

Different  functions  may  have  different  orders  of  redundancy,  but  the  order  of  re¬ 
dundancy  may  change  only  after  passing  through  a  restorer.  Figure  2-3  shows  the  connection 
between  functions  with  different  orders  or  redundancy. 

Figure  2-4  gives  a  more  condensed  view  of  the  network  of  figure  2-2.  This  type  of 
diagram  will  be  used  throughout  the  remainder  of  the  report.  The  circles  represent  re¬ 
storers  and  the  three  dots  in  each  symbol  indicate  that  this  network  is  order  three  redundancy 


Figure  2-3 


fl)  GOING  FROM  ORDER  5  REDUNDANCY 
TO  ORDER  3. 


b)  GOING  FROM  9  TO  S 


Restoration  Between  Different  Orders  of  Redundancy 
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Figure  2-4.  Flow  Graph  Representing  a  Redundant  Network 

throughout.  This  diagram  is  used  to  introduce  some  terms  peculiar  to  this  report  which  find 
considerable  use  later. 

A  source  of  a  redundant  function  £  Is  a  function  or  restorer  x  so  connected  to  y  that  a 
path  can  be  traced  from  the  output  of  x  to  the  output  of  £  along  the  directed  line  segments  of 
the  diagram.  As  an  example  of  sources,  consider  function  6  In  figure  2-4.  The  sources  of 
function  6  are  restorers  8  and  11  and  functions  1,  2,  3  and  5.  There  is  no  path  between  func¬ 
tion  4  and  function  6. 

A  function  may  have  primary,  secondary  or  higher  order  sources  depending  on  the 
number  of  line  segments  traversed  on  the  diagram  when  going  from  the  source  to  the  function. 

A  term  which  describes  the  same  relationship  as  source  but  which  eases  considerably 
future  descriptions  is  sink.  If  (unction  x  is  said  to  be  a  source  of  y,  function  y  can  be  called 
a  sink  of  x.  Of  course  functions  or  restorers  may  have  primary,  secondar  ■  or  higher  ord-tr 
sinks. 

B.  ERROR -LINKED  ANT)  ISOLATED  FUNCTIONS 

1,  Error- Linked  F.-iVtlons 

In  a  multiple- 'im*  reduidant  network  two  functions  or  restorers  are  related  to 
each  other  by  the  effect  of  failure*  in  both  of  them  on  the  operation  of  the  network.  Two 
terms  are  defined  here  which  describe  opposite  effects. 

Two  functions,  two  restorers  or  a  function  and  restorer  are  said  to  be  error-linked 
if  failures  in  one  can  combine  with  failures  in  another  to  cause  network  failure,  even  though 
the  failures  in  either  alone  are  Insufficient  to  cause  network  failure. 


There  are  two  types  o f  error-linking  that  may  occur.  Consider  the  order  three  net¬ 
work  In  figure  2-2.  Of  course  for  this  order  of  redi.tdancy  two  failures  are  sufficient  to 
cause  the  network  to  fall.  The  flow  graph  for  this  example  Is  found  in  figure  2-4.  A  signal 
flow  path  is  a  path  along  the  directed  line  segments  in  the  direction  of  the  arrow  heads.  A 
restorer  interrupts  a  signal  flow  path.  The  first  type  of  error-linking  occurs  between  two 
functions  which  are  on  the  same  signal  flow  path  of  the  flow  graph.  For  instance  functions 
1  and  3  are  error  linked  because  failure  of  circuit  la  and  circuit  3b  will  cause  the  output 
of  function  3  to  be  in  error  on  a  majority  of  lines,  Error-linking  arises  in  this  manner  only 
if  me  function  is  upstream  (against  the  signal  flow)  from  the  other;  hence  it  is  referred  lo 
error-linking  from  the  upstream  effect.  Function  1  is  upstream  from  function  3.  In  like 
manner  restorers  8  and  11  are  also  error-linked  to  function  3. 

The  second  type  of  error-linking  occurs  when  failures  in  two  functions  (or  restorers, 
not  on  the  same  signal  flow  path  combine  to  cause  network  failures.  In  the  example,  function 
1  and  restorer  11  are  error-linked  in  this  way.  For  this  type  of  error-linking  to  occur  both 
functions  must  feed  a  third  function,  or,  in  other  words,  there  is  a  common  function  down¬ 
stream  (with  the  direction  of  signal  flow)  from  both  error  linked  functions.  Error- linking 
in  this  manner  is  referred  to  as  error  linking  from  the  downstream  effect. 

There  Is  no  direction  Implied  when  function  a  is  said  to  be  error  linked  to  function  b. 

The  statement  only  Indicates  that  circuit  failures  tn  the  two  functions  can  combine  to  caus-> 
network  failure.  The  two  etatements,  a  te  error-linked  to  b,  and  b  Is  error-linked  to  a  are 
equivalent 

I.  leolated  Functions 

When  two  functions  are  not  error-linked  they  are  isolated.  Two  functions  or 
restorers  are  Isolated  U  a  circuit  failure  In  one  does  not  affect  the  outputs  of  any  of  the  same 
functions  as  a  circuit  failure  la  the  other.  Id  figure  2-4,  function  S  is  isolated  from  every 
other  function  and  restorer  in  tho  network. 

Functions  may  be  isolated  from  each  other  la  two  ways.  First,  in  a  network  with 
more  than  one  output,  two  functions  may  be  leolated  by  the  form  o i  the  network.  In  figure  2-3. 
functions  3  and  4  form  the  outputs  of  a  redundant  network.  No  error  in  a  circuit  in  function  3 
can  combine  with  an  error  In  function  4  to  cause  failure  of  the  network. 

Secondly,  restorers  Isolate  functions.  For  Instance  iunctlons  1  and  2  In  the  shift 
register  of  figure  2-6  are  isolated  from  functions  3,  4,  5  and  6  by  the  restorer  tn  location  2. 


Figure  2-5.  A  Network  In  Which  Functions  3  and  4  are  tsolated 


Figure  2-6.  A  Network  In  Which  Functions  1  and  2  are  Isolated  from  Functions  3,  4,  5  and  6 

As  long  as  thera  are  k  or  more  correct  inputs  to  a  restorer,  errors  are  not 
transmitted  from  its  inputs  to  its  outputs.  For  instance,  a  single  erroneous  input  tn  the 
three  input  majority  gate  of  the  order  three  restorer  has  no  effect  on  the  output  of  the  gate. 
Thus,  since  there  is  a  restorer  at  location  2,  single  errors  in  1  and  3  cannot  combine  to 
cause  network  failure. 

The  concept  of  Isolation  is  Important  to  the  synthesie  procedure  because  it 
describes  the  condition  for  Independence  of  reliability  between  two  isolated  regions.  For 
instance,  tn  figure  2-0  functions  1  and  2  are  Isolated  from  functions  3,  4,  5  and  6.  The 
first  two  functions  form  an  isolated  region  and  the  restorer  and  the  latter  4  functions  form 
anothsr.  Since  failures  in  different  isolated  regions  cannot  combine  to  cause  network  failure, 
the  reliabilities  of  the  regions  are  independent.  Hence  if  Rj  Is  the  reliability  of  the  first 
region  and  Rj  the  reliability  of  the  second,  the  probability  that  neither  region  is  failed  is 


3.  Isolated  and  Error- Linked  Sources  and  Sinks 

With  Isolation  and  error-linking  defined,  the  sources  and  sinks  of  a  function  in  a 
redundant  multiple-line  network  fall  into  two  classes.  The  sources  and  sinks  are  either 
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Isolated  from  the  function  or  error-linked  to  the  function.  This  distinction  finds  considerable 
application  in  the  synthesis  procedure. 

C.  THE  ARRANGEMENT  OF  RESTORERS  AND  FUNCTIONS 

This  section  Introduces  some  terms  and  notation  which  are  used  to  specify  arrangements 
Of  restorers  or  groups  of  functions  in  a  network.  They  will  find  considerable  application  as 
this  report  progresses. 

1.  State  of  a  Location 

The  state  of  a  location  Indicates  whether  a  restorer  is  present  or  not  present  in 
that  location.  II  a  restorer  is  present  in  location _i,  location  J  is  said  to  be  filled  and  its 
state  is  a  binary  1.  If  no  restorer  is  present,  location _i  is  said  to  be  empty  and  its  state  is 
a  binary  0. 

In  general,  a  binary  variable  x^  represents  the  state  of  thejlth  location. 

2.  Array 

During  the  dlecussion  to  follow  it  will  often  be  necessary  to  refer  to  the  states  of 
a  set  of  locations  (not  necessarily  all  locations  in  the  network).  The  general  term  referring 
to  the  states  of  the  locations  in  such  a  eat  is  array.  An  array  is  defined  as  a  set  of  filled 
and  empty  locations.  The  locations  and  their  states  completely  specify  an  array. 

The  term  array  will  also  seed  to  describe  a  set  of  locations  some  of  which 
hare  variable  states.  Of  coarse  the  variables  associated  with  such  locations  will  be  binary. 

The  array  which  specifies  the  states  of  all  tbs  locations  in  the  network  as  filled  or 
empty  takes  the  special  designation  network  array.  Each  network  array  represents  a  pos¬ 
sible  design  of  the  redendant  network. 

2.  Array  Vector* 

Vector  aotnttoo  is  used  to  specify  the  states  of  the  locetions  in  an  array.  The 
Unary  variable  defines  the  state  of  the  ith  location,  and  a  vector,  using  as  coordinates 
the  variables  represeatiag  the  s  locations  in  the  network,  designates  a  network  array. 

(*l»  *ji  •••»  *|) 

Each  sat  of  values  assumed  by  the  binary  variables  which  are  the  coordinates  of 
this  vector  represents  a  different  network  array  or  network  design.  With  s  coordinates, 
there  are  2*  different  vectors  described  by  the  general  vector,  hence  this  is  the  total  number 
of  restorer  arrangement*  applicable  to  tbs  network. 
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Arrays  which  do  not  include  all  the  network's  locations  also  are  identified  with  the 
vector  notation.  The  coordinates  representing  the  locations  not  in  the  array  are  not  identUlec 
in  the  vector  by  a  0  or  1  but  remain  as  an  x.  For  instance,  a  network  with  five  locations, 
numbered  1  through  S,  has  an  array  in  which  locations  1  and  2  are  filled,  3  and  4  are  empty, 
and  location  5  is  not  In  the  array.  The  vector  representation  of  this  array  is: 

a.  i.  o,  o,  *). 

No  subscript  on  the  x  in  this  vector  is  necessary.  The  position  of  the  coordinate 
in  the  vector  identifies  the  corresponding  location. 

An  array  which  excludes  one  or  more  locations  really  is  representing  a  number  of 
network  arrays.  The  specification  of  the  states  of  less  than  the  total  number  of  locations 
makes  the  unspecified  locations  arbitrary  and  allows  them  to  assume  any  value.  The  vec.  ji 
(1,  1,  0,  0,  x)  represents  two  vectors,  (1,  1,  0,  0,  0)  and  (1,  1,  0,  0,  1).  In  general,  if  an 
array  does  not  specify  z  locations,  the  number  of  network  arrays  it  identifies  is  2  . 

4.  Region 

Region  is  a  general  term  referring  to  a  specified  set  of  functions  and  restorers. 
Generally,  a  region  is  defined  by  eomo  characteristic  such  as  "all  functions  and  only  those 
functions  that  are  error-linked  to  function  A  are  members  of  the  region." 

5.  Isolating  Arrays  and  Isolated  Regions 

Two  very  important  concepts  which  find  considerable  application  are  isolating 
arrays  and  isolated  regions.  These  should  be  clearly  understood  before  the  detailed  pro¬ 
cedure  Is  described. 

An  Isolated  region  or  an  isolating  array  is  defined  for  a  given  group  of  functions, 
so  these  functions  must  be  specified  along  with  the  region  or  array.  Suppose  the  group  of 
functions  Is  the  sat  A,  An  isolated  region  of  the  functions  In  set  A  consists  of  a  set  of  (unc¬ 
tions  and  restorers  B,  which  Includes  the  functions  in  A,  such  that  all  functions  not  in  B  are 
iaolated  from  the  functions  in  A.  For  instancs,  in  figure  2-7  ere  Illustrated  three  Isolated 
regiona  of  functions  1  and  2  (set  A).  The  functions  and  restorers  that  make  up  each  region 
(set  B)  are  also  shown  in  the  figure. 

Note  In  the  laat  example  of  figure  2-7  that  not  all  functions  In  the  region  are  error 
linked  to  functions  1  or  2.  In  general  It  la  not  required  that  all  functions  In  the  region  be 
error  linked  to  the  functions  In  the  eet  A. 
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SET  ■ 
FUNCTIONS  1,2 
RESTORER  12 


FUNCTIONS  1,2,3 
“RESTORER  12 


UNCTIONS  1,2,3  | 
ESTORERS  B,  12 


Figure  2-7.  Three  Examples  of  Isolated  Regions  of  Functions  1  and  2 


For  each  isolated  region  there  is  one  and  only  one  isolating  array  which,  together 
with  the  identity  of  the  given  group  of  functions,  completely  defines  the  isolated  region.  The 
array  specifies  as  1  the  locations  at  the  boundaries  of  the  region  ir.  which  restorers  are 
required  to  isolate  functions  outside  the  region  from  the  given  group  of  functions.  Also 
specified  as  either  1  or  0,  are  all  the  locations  of  the  functions  within  the  Isolated  region. 
The  states  of  the  locations  not  necessary  to  define  the  region  are  specified  as  x's  in  the 
isolating  array.  Only  locations  required  to  identify  the  members  of  an  isolated  region  are 
specified  in  the  isolating  array.  The  isolating  arrays  of  the  regions  shown  in  figure  7 
are: 


A.  (Olxxxl) 

B.  (OOlxxl) 

C.  (Ollnl). 
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m.  THE  SYNTHESIS  OF  REDUNDANT  NETWORKS 


A.  GENERAL 

The  goal  of  this  study  is  the  development  of  a  synthesis  procedure  by  which  the  designer 
of  a  redundant  multiple-line  system  can  determine  In  some  optimum  manner  the  orders  of  re¬ 
dundancy  of  the  functions  and  the  placement  of  restorers  In  the  system.  This  will  be  an  Im¬ 
portant  accomplishment  because  It  can  be  shown  that  redundancy  in  the  wrong  places  can  be 
almost  useless  and  that  an  Improperly  placed  restorer  Is  sometimes  worse  than  no  restorer 
at  a.'l.  The  most  beneficial  synthesis  procedure  would  be  one  which  allowed  full  flexibility  In 
the  order  of  redundancy  of  the  functions  and  placement  of  restorers,  which  was  deterministic, 
in  that  it  resulted  In  one  redundant  network  which  was  optimum  according  to  some  useful 
criterion,  and  which  was  easily  performed  in  a  reasonable  amount  of  time  with  the  help  of  a 
computer. 

The  goal,  as  stated  in  the  last  paragraph,  is  an  extremely  difficult  one  to  attain  and  it 
has  been  compromised  at  this  point  only  to  bring  the  problem  Into  a  still  complex  but  solv¬ 
able  form.  The  restrictions  made  for  this  synthesis  procedure  are  not  expected  to  be  perma¬ 
nent.  Future  studies  will  attempt  to  remove  them. 

The  primary  restriction  on  the  network  Is  that  all  the  functions  must  be  In  the  sam? 
order  of  redundancy.  This  reduces  the  synthesis  problem  to  finding  the  proper  place-rent  of 
restorers.  This  la  still  a  significant  problem  Since  In  an  s  function  network  there  are  2s  pos¬ 
sible  restorer  arrangements  that  can  be  applied  to  the  network. 

The  procedures  are  derived  with  computer  Implementation  in  mind.  In  most  cases,  the 
number  of  calculations  required  for  the  synthesis  of  large  networks  will  be  small  relative  to 
the  number  required  for  an  exhaustive  search  procedure.  The  number  will  still  be  great 
enough,  however,  to  make  prohibitive  the  performance  of  synthesis  by  hand  for  all  but  the 
smallest  networks.  A  computer  has  been  programmed  to  rapidly  determine  the  optimum 
arrargement  of  reatorera  In  the  network. 

The  following  paragraphs  of  this  ssetion  will  discuss  the  optimization  criterion  and  the 
general  principles  of  tha  ayntheals  procedure. 

B  OPTIMIZATION  CRITERION 

Each  of  the  28  possible  network  array  vectors  represents  a  different  design  of  the  re- 
d  .ndant  system.  To  choose  one  of  these  as  a  best  design,  one  must  have  some  criterion 
with  which  the  many  alternative  networks  may  be  compared. 
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Of  course,  reliability  Is  the  first  criterion  since  the  redundancy  has  been  Introduced  to 
Increase  this  vital  parameter.  The  cost  of  the  circuitry  required  to  Implement  a  particular 
reAindant  design  may  also  be  of  Importance.  For  many  applications,  the  weight  and  power 
requirements  of  alternatives  will  very  probably  enter  into  consideration.  The  factors  of  re* 
liability,  cost  of  Implementation,  weight  and  power  requirements  may  all  enter  Into  the  deci¬ 
sion  determining  the  best  or  optimum  design.  Other  factors  may  also  be  significant  and  should 
be  considered  in  the  same  manner  as  the  assumed  factors  in  the  criterion  presented  below. 

To  optimize  the  network  with  respect  to  any  one  of  these  factors  is  to  suboptimize  with 
respect  to  all  the  others,  so  this  study  lumps  all  of  them  into  a  single  cost  expression.  The 
goal  of  the  synthesis  procedure  is  to  find  the  network  which  minimizes  this  cost. 

The  reliability  of  the  network  enters  into  the  cost  expression  as  the  cost  of  failure  of 
the  network.  A  failure  will  always  be  costly.  If  this  were  not  so,  there  would  be  no  point  in 
Incorporating  redundancy. 

Where  the  application  of  the  network  is  a  control  function  in  a  satellite  or  rocket  or 
where  human  life  Is  concerned,  this  cost  of  failure  Is  exceedingly  high  and  probably  overrides 
the  other  factors.  On  the  other  hand,  If  the  network  is  to  be  utilized  for  a  ground  based  com¬ 
puting  system,  this  cost  although  high,  may  be  low  enough  so  that  the  other  factors  enter  into 
consideration.  If  K  is  said  to  be  the  cost  of  failure  of  the  network  and  R  is  Its  reliability,  the 
expected  cost  due  to  failure  is: 


(l-R)K.  (1) 

The  cost  of  Implementing  a  particular  redundant  design  is  assumed  to  be  linearly  de¬ 
pendant  on  the  order  of  redundancy  of  the  functions  sad  tbs  number  of  restorers  in  the  net¬ 
work.  Letting  m  |  he  the  order  of  rsdnaifcncy  Cnbe  the  cost  of  n  circuit  In  the  function  or 
restorer,  the  Implementation  of  a  reduaihnf  network  requires  the  expenditure  of 

£»icr  «> 

The  "all  I"  statement  over  the  summation  sign  indicates  that  the  sum  Is  over  all  the 
functions  and  restorers  In  the  network. 

The  cost  equation  reflects  weight  sad  power  pensltles  by  Introducing  per  unit  costs  for 
these  parameters.  The  weight  added  by  one  circuit  of  the  type  used  In  function  1^  le  W(  and 
the  coat  per  pound  of  weight  in  function  Is  C^(.  The  cost  associated  with  the  weight  of  the 
network  can  be  #t  Ittsn: 

^“iwicwr 
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Describing  the  costs  associated  with  power  In  the  same  manner  and  summing  the  terms 
to  obtain  the  total  cost  due  to  power  and  weight  one  obtains: 

,Kcw,  •  p,sJ  «> 

A  number  of  other  factors  which  the  designer  might  like  to  const. >r  In  the  optimization  can 
be  included  in  a  manner  similar  to  weight  and  power. 

Terms  (1),  (2)  and  (4)  summed  to  a  single  cost  expression  is  called  the  True  Cost. 
aU  I 

True  Cost  =  V  m(  (Cn  +  W(  Cw(  ♦  P,  Cp{)  ♦  (l-R)K.  (5) 

The  term  furthest  to  the  right  in  equation  (5),  which  Is  concerned  with  reliability,  is 
called  the  expected  cost  of  failure  of  the  network.  The  sum  of  the  remainder  of  the  terms 
dealing  with  the  costs  of  implementa, ‘on,  weight,  power  and  any  other  linear  nonreliability 
factors  is  called  the  functional  cost  of  the  network.  The  network  array  for  which  the  True 
Cost  is  least  Is  the  True  Optimum. 

This  report  uses  an  approximation  to  equation  (S)  as  the  criterion  for  nntimizatlon. 

C  THE  COEFFICIENTS  OF  THE  TRUE  COST  POLYNOMIAL 

It  is  Important  that  one  consider  the  ramifications  of  choosing  the  true  cost  as  a  basis 
for  synthesis.  Before  accepting  the  use  of  this  parameter  the  meaning  of  constant  and  non¬ 
constant  coefficients  should  be  trade  clear.  Some  answer  must  be  given  the  questions  "Can 
synthesis  be  performed  In  the  face  of  nonconstant  coefficients?"  and  "If  constant  coefficients 
are  present,  how  can  they  be  determined"  This  section  attempts  to  clarify  these  questions. 

1.  Constant  Coefficients 

The  synthesis  procedure,  as  it  is  described  In  this  report  assumes  tliat  the  co¬ 
efficients  of  the  true  coat  polynomial  are  nonvariant  as  the  variables  of  the  synthesis  (weight, 
power,  cost,  reliability)  take  on  different  values.  Thus  the  cost  of  adding  a  restorer  to 
location  I  does  net  depend  on  the  total  weight,  power,  cost  or  reliability  of  the  network  because 
the  coefficients  Cwt,  W  ,  Cpi,  P,,  Cj,  and  K  do  not  depend  on  these  factors. 

If  one  considers  a  system  as  made  up  of  a  number  of  subsystems,  each  of  which 
is  Isolated  from  each  other  In  the  manner  of  section  n.  B.  2,  the  reliability  of  each  subsystem 
can  be  determined  independently  of  all  others.  With  constant  coefficients  each  subsystem  can 
be  optim  zed  Independently  of  all  others.  The  combination  of  the  optimum  subsystems  will 
be  the  optimum  system. 
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Although  the  values  of  the  coefficients  cannot,  change  with  the  variables  of  the 

design,  the  true  cost  polynomial  does  allow  differences  between  the  coefficients  assigned  to 

different  functions.  Thus  Cj. ,  C^,  W^,  C^j  and  may  be  different  from  Cj.,  Cw2>  Wg, 

Cpj.  Pr  respectively.  Certainly  one  would  expect  variations  ot  Cj(,  WjSnd  P(  from  functlo 

to  function,  but  variations  of  C,„.  and  C_.  are  liable  to  be  more  infrequent.  One  case  whe"- 

m  Pi 

the  latter  coefficients  might  be  different  for  different  parts  of  the  system  occurs  when  one 
subsystem  is  located  on  the  ground  and  another  in  a  space  craft.  Certainly  differences  will 
be  present  between  the  cost/lb.  and  cost  'watt  of  these  subsystems. 

Some  variation  of  the  cost  of  failure,  K,  is  allowed  within  the  structure  of  the 
True  Cost  polynomial.  Different  subsystems  may  have  different  costs  of  failure  if  their  rt 
abilities  are  always  determined  Independently  from  each  other  during  the  course  of  desi'n. 
For  instance,  taking  again  the  example  with  a  subsystem  on  the  ground  and  one  in  a  space 
craft,  the  reliabilities  of  these  two  subsystems  can  very  probably  be  determined  Independe- 
hence  they  can  be  given  different  costs  of  failure.  This  Is  a  very  useful  facility.  This  situ 
ation  will  be  handled  In  the  True  Cost  calculation  by  Including  two  expected  cost  of  failure 
terms,  one  for  subsystem  1  and  one  for  subsystem  2  as  shown  below: 

Kjd-Rj)  ♦  K2(l-R2). 

There  Is  some  approximation  In  this  formulation.  It  ia  the  same  sort  of  approximation  as 
described  In  Section  IIIF. 

2.  Non-Constant  Coefficients 

Under  the  Influence  of  non- constant  coefficients  the  amount  added  to  the  true  cos' 
when  restorer  J,  Is  Included  In  tbs  network  will  depend  on  the  value  of  weight,  power  cost 
end/or  reliability  of  the  remelnder  of  the  system.  One  exempts  of  such  a  situation  is  the 
condition  In  which  nny  arrangement  of  restorers  Is  allowed  as  long  as  the  weight,  power, 
cost  nnd  unreliability  remain  below  upper  bounds.  Thus  a  restorer  costs  nothing  if  it  resu'i 
In  nn  acceptable  system,  end  It  Is  not  allowed,  or  has  an  Infinite  cost,  If  its  addition  results 
In  nn  unacceptable  system 

In  this  day  of  highly  complex  systems,  It  ie  common  practice  to  divide  systems 
into  subsystems  with  a  team  of  engineers  responsible  for  the  development  of  each  subsystem 
Frequently  the  design  of  each  subsystem  must  meet  restrictions  on  weight,  power,  cost  and 
reliability  allocated  by  the  management  responsible  for  the  system  as  a  whole.  Whether  or 
not  this  Is  a  wise  practice,  It  will  result  tn  non-constant  coefficients  of  the  .rue  cost  equatloi 
The  designer  faced  with  such  restrictions  cannot  assume  constant  coefficients. 
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The  synthesis  procedure  described  herein  cannot  be  applied  a  single  time  to  de¬ 
termine  the  optimum  network  when  coefficients  of  the  true  cost  equations  are  not  constant. 

It  can  be  applied,  however,  a  number  of  times  to  provide  the  design  which  is  optimum  within 
restrictions.  The  use  of  the  procedure  under  these  conditions  is  described  in  the  next  section. 


To  design  with  non-constant  coefficients,  one  must  consider  the  system  for  which 

they  were  determined.  Assume  a  system  A  exists  which  can  be  subdivided  into  two  independ- 

all  1 

ent  subsystems  A'  and  A".  Say  for  the  system  A  the  total  cost  of  weight  m 

Lt  ^ryur  | 

varies  with  weight  in  a  nonlinear  manner  as  shown  in  figure  3-1.  This  is  equivalent  to  saying 
that  there  is  a  non-constant  weight  coefficient. 


Now  the  variation  of  the  cost  with  weight  has  been  defined  only  for  the  total  system,  hence 
the  variation  of  cost  with  weight  for  either  subsystem  Is  undefined.  It  is  therefore  impossible 
to  optimise  A*  and  A"  independently  using  the  Information  of  figure  3-1.  Thus  the  conclusion 
can  be  drawn  that  non-constant  coefficients  derived  for  a  system  can  only  be  used  for  the 
optimization  of  that  system  in  toto.  Tiny  cannot  be  used  for  the  optimization  of  any  subsystem 
Independently  of  the  rest  of  the  system. 

3.  Designing  in  the  Face  of  Nonconstant  Coefficients 

There  are  two  end  results  which  one  might  hope  to  achieve  when  designing  in  the 
face  of  non-constant  coefficients.  The  first  of  these  will  be  to  find  the  design  which  minimizes 
the  true  coat  even  though  the  true  cost  must  be  determined  from  relationships  such  as  that  of 
figure  3-1.  Tne  second  will  be  to  minimize  one  parameter  (weight,  power,  probability  of 
failure  or  cost)  while  keeping  the  other  parameters  within  upper  bound  restrictions. 

The  solutions  for  either  of  these  er.i  results  have  a  common  characteristic:  Any 
one  of  the  parameters  of  the  solution  nas  the  lc  rest  value  possible  for  the  choice  of  the  other 
parameters.  For  Instance  an  optimum  solutior  for  a  network  which  has  cost,  weight  and 
probability  of  failure  as  parameters  might  have  Copt  Wopt  and  (l-P)opJ  **  the  values  of  Its 
parameters.  It  can  be  said  that  this  optimum  resign  has  the  lowest  value  of  probability  of 


failure  for  designs  with  the  cost,  C^,  and  weight,  W^.  In  like  manner  it  has  the  smallest 

weight  of  all  designs  which  have  the  parameter  values  (l*P)opt  and  CQpt,  and  it  has  the  least 

coat  of  all  designs  which  have  the  parameter  values  (1-P)  ,  and  W  .. 

opt  opt 

The  solutions  of  the  isolating  array  synthesis  procedure  with  constant  coefficients 
also  have  this  characteristic.  Thus  the  optimum  design  of  a  system  which  has  non- constant 
coefficients  must  also  be  an  optimum  design  of  the  same  system  when  some  set  of  constant 
coefficients  are  assigned.  To  synthesize  the  optimum  network  with  non- constant  coefficients 
one  mus  find  the  proper  set  of  constant  coefficients. 

Thlt  will  be  done  by  a  number  of  applications  of  the  synthesis  procedure  with 
different  sets  of  constant  coefficients.  The  process  of  finding  the  optimum  will  be  a  search 
procedure  fn  which  judicious  choice  of  changes  in  the  constant  coefficients  should  lead  to  a 
more  rapid  convergence  toward  the  optimum.  The  search  procedure  will  receive  more 
study  in  the  •  Jture. 

To  see  how  multiple  applications  of  the  synthesis  procedure  can  be  used  to  con¬ 
struct  tradeoff  curves  between  the  parameters  of  the  system  which  will  ultimately  be  used  to 
design  a  network  with  nonconstant  coefficients,  define  an  optimal  network  as  one  which  has 
one  parameter  minimized  while  all  others  are  held  constant.  As  described  above  the  products 
of  the  synthesis  procedure  with  constant  coefficients  are  theae  optimal  networks.  Bv  varying 
the  coefficients  of  the  true  cost  equation  one  will  arrive  at  a  number  of  different  optimal  net¬ 
works.  The  values  of  the  parameters  of  these  optimal  networks  are  the  tradeolls  to  be  used 
In  the  design  of  a  redundant  network. 

Thus  the  synthesis  procedure  haa  the  ability  to  determine  curves  showing  the 
tradeoffs  between  the  parameters  of  optimal  networks.  The  aet  of  curves  describes  a  m  jltl- 
dlma  ns  tonal  surface  on  which  the  parameters  of  all  optimal  networks  must  fall.  The  number 
of  dimensions  of  the  surface  la  tha  number  of  paramaters  of  the  network.  For  Instance  with 
the  parameters  weight,  power,  and  fallura  probability,  continued  application  of  the  synthesis 
procedure  will  yield  a  three  dimensional  surface  on  which  ell  optimal  networks  must  lie.  A 
plane  passed  through  this  surface  perpendicular  to  the  power  axle  gives  the  two  dimensional 
tradeoff  curve  for  weight  ve.  failure  probability  for  a  single  value  of  power.  If  one  were  to 
choose  a  value  of  weight  which  ha  Is  willing  to  expend,  he  determines  from  this  curve  the 
minimum  failure  probability  that  can  be  obtained  for  the  given  expenditures  of  weight  and 
power.  A  typical  aet  of  tradeoff  curves  are  shown  In  figure  3-2. 
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Figure  3-2.  Typical  Trade  Off  Curves  for  a  Redundant  System 


To  illustrate  the  optimization  In  the  face  of  non- constant  coefficients  assume  the 
system  is  subject  to  maximum  weight  and  power  constraints  such  that  cost  of  weight  and 
power  Is  zero  if  these  parameters  He  below  the  limit  and  infinite  If  they  lie  above.  Tne  opti¬ 
mum  network  Is  found  by  drawing  these  limits  on  the  weight  and  power  curves  as  in  figure 
3-3. 


Flflira  3-3.  Finding  the  Optimum  Network  Under  Weight  and  Power  Constraints 


The  maximum  reliability  that  one  can  attain  under  these  constraints  Is  the  reli¬ 
ability  curve  furthermost  from  the  origin  that  passes  within  the  limits.  This  is  indicated  by 

RMAX  ,n  th# 

Note  that  the  construction  of  the  tradeoff  curves  does  not  require  the  actual  values 
of  coat  per  pound  of  weight,  per  watt  of  power,  etc.  Only  when  a  final  design  must  fy  chosen 
do  the  relationships  between  the  parameters  and  cost  come  Into  play.  The  information  con¬ 
tained  In  the  tradeoff  curves  pertains  to  the  whole  system  rather  than  Isolated  parts.  There¬ 
fore  the  coordinates  of  one  point  on  the  surface  can  be  used  to  determine  from  (he  nonlinear 
relationships  the  true  cost  of  the  system.  By  comparing  the  true  costs  for  a  number  of  points 
on  the  tradeoff  curves,  the  optimum  system  can  be  found. 


Even  If  the  coefficients  ere  assumed  constant  and  one  application  of  the  synthesis 
procedure  is  sufficient  to  determine  the  optimum,  it  very  well  might  be  advisable  to  plot  the 
the  tradeoff  curves  to  indicate  where  the  optimum  lies  on  the  tradeoff  surface.  Slight  modifi¬ 
cations  In  the  values  assigned  to  the  constant  coefficients  may  result  in  considerably  more 
palatable  values  for  the  parameters  of  the  optimum  network. 

4.  Setting  Constant  Coefficients 

The  values  of  the  coefilclents  of  the  true  cost  polynomial  will  depend  on  the  system 
being  optimized  and  its  application,  so  at  best  this  section  can  give  only  a  general  qualitative 
appreciation  of  their  determination.  A  thorough  study  should  proceed  the  setting  of  coeffici¬ 
ents  to  find  all  the  factors  which  might  conceivably  bear  on  the  cost  <  providing  the  system 
under  stuiy  and  the  costs  Incurred  should  it  fail.  Some  of  these  factors  might  well  be  intangi¬ 
ble.  An  an  aid  to  understanding  the  problems  one  must  overcome  while  setting  the  coefilclents, 
three  examples  are  presented  below. 

Cost  of  Failure 

Perhaps  the  most  nebulous  of  all  the  coefficients  of  the  true  cost  polynomial  is 
the  cost  of  failure.  This  is  because  many  costs  incurred  in  the  event  of  a  failure  are  intangible. 
For  a  military  mission  one  of  the  more  readily  available  costs  Is  tbs  cost  of  attempting  the 
mission  again  If  that  can  be  done.  The  cost  of  abandoning  the  mission  must  also  be  included 
In  many  cases.  This  may  well  require  tbs  measurement  of  some  intangible  or  difficult  to 
estimate  quantities.  Questions  will  arias  on  tbs  value  of  a  human  lift  or  national  prestige. 

Of  course  it  is  difficult  to  answer  these  questions  but  It  nay  be  attempted  to  determine  a 
coat  of  tellurs. 

The  cost  of  failure  should  reflect  only  the  costs  Incurred  st  the  failure  of  the 
eyatem  under  study.  For  Instance,  the  system  being  optimised  by  the  procedure  may  be  one 
experiment  of  many  carried  In  an  earth  satellite.  Certainly  the  failure  of  this  experiment 
causes  a  loss  of  valuable  Information.  Its  loss,  however,  Is  not  the  loss  of  the  entire  satel¬ 
lite  since  other  experiments  may  still  be  operating. 

On  the  other  hand  if  the  eyatem  under  study  is  tbs  equipment  which  encodes  the 
information  from  all  experiments  for  transmission  to  ths  earth,  its  failure  will  disable  the 
link  between  satellite  and  ths  earth,  completely  aborting  the  mission.  The  cost  of  failure 
of  this  system  should  reflect  the  cost  of  the  lose  of  the  complete  satellite  with  sll  Its  experi¬ 
ments. 
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Cost  of  Implementation 

The  cost  of  Implementation  should  reflect  both  manufacturing  and  engineering. 
Different  pr.rts  of  the  system  may  have  different  costs.  Of  particular  Interest  to  the  designer 
whose  goal  is  to  find  the  optimum  placement  of  restorers  will  be  the  cost  of  providing  a  re¬ 
storing  circuit. 

Cost  Per  Pound  of  Weight 

For  a  space  mission  this  factor  will  probably  include  the  expense  of  providing  a 
booster  with  the  power  to  lift  one  addit  ional  pound  of  load  or  the  expense  of  reducing  weight 
of  the  vehicle  elsewhere  by  one  pound.  Generally  this  doesn’t  seem  to  be  a  linear  factor. 
Different  parts  of  the  system  may  have  different  cost  of  weight  coefficients. 

Other  factors  are  found  in  a  similar  manner.  The  factors  that  are  included  in  the 
determination  of  the  coefficients  are  really  dependent  on  the  system  and  Its  use.  True,  some 
of  the  coefficients  are  very  difficult  to  determine  precisely,  but  some  attempt  should  be  made 
so  that  one  can  obtain  reasonable  relationships  between  the  parameters  of  the  system.  The 
synthesis  procedure  Itself  may  point  out  gross  errors  in  the  values  of  the  coefficients  by 
yielding  unreasonable  values  of  the  parameters.  Such  an  occurence  could  indicate  that  the 
choice  of  coefficlenta  has  not  been  realistic  and  the  coefficients  should  be  reexamined.  On 
the  other  hand,  the  occurence  may  also  mean  that  the  usera  concept  of  reasonable  values 
of  the  parameters  Is  In  error,  and  thla  concept  should  be  reexsmlred 
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D.  THE  ISOLATING  ARRAY  SYNTHESIS  PROCEDURE 


It  has  been  shown  that  whether  the  designer  Is  faced  with  constant  or  non-constant  co¬ 
efficients,  the  determination  of  the  optimum  design  rests  on  the  ability  to  find  the  network 
which  minimizes  true  cost  for  a  set  of  constant  coefficients.  This  is  no  small  problem  in 
itself.  The  most  obvious  approach  to  the  solution  is  to  try  all  alternatives,  measuring  their 
costs  and  picking  out  the  most  inexpensive  design.  Unfortunately,  the  number  of  alternative, 
one  has  to  consider  increases  so  rapidly  with  the  size  of  the  network  that  this  approach  is 
eminently  impracticable  for  all  but  the  smallest  networks.  For  instance,  a  network  with  10t- 
locations  has  2^  or  about  10'’’^  different  network  arrays.  If  with  the  aid  of  a  high  speed 
digital  computer  one  could  determine  the  cost  of  each  alternative  in  a  millisecond,  he  would 
be  able  to  analyze  3.16  x  10 10  alternatives  per  year.  At  this  rate,  it  would  take  3.16  x  10 '  ' 
years  to  complete  the  synthesis  procedure.  This  of  course  is  an  inordinate  time. 

Recognizing  this  exhaustive  search  approach  as  impracticable,  the  study  has  investi¬ 
gated  several  other  approaches  to  the  problem  of  synthesis.  One  of  these,  named  "Isolating 
Array  Synthesis  Procedure"  is  the  most  promising. 

The  end  product  of  the  synthesis  technique  is  Ideally  the  one  network  array  for  which 
the  True  Cost  of  Section  ID.  B.  is  minimised.  The  Isolating  Array  Synthesis  Procedure 
tempers  this  goal  somewhat  by  finding  a  design  which  minimizes  a  cost  function  which  is  an 
approximation  to  the  True  Cost.  Its  foremost  advantage  is  that  for  most  networks  it  w»l' 
require  far  fewer  calculations  than  the  exhaustive  search  routine.  The  technique  is  deter¬ 
ministic  In  that  at  its  conclusion  the  designer  has  one  design  which  minimizes  the  cost  func¬ 
tion.  This  end  result  may  very  easily  be  ths  True  Optimum,  but  since  it  is  an  approximation 
it  may  yield  another  network  array  which  does  not  minimize  the  True  Cost.  The  degree  ot 
deviation  from  the  true  optimum  will  bs  small,  and  will  be  the  subject  of  future  studies.  The 
network  resulting  from  the  synthesis  tschnlque  is  called  simply  the  optimum. 

The  following  sections  describe  several  considerations  which  are  very  important  to  th" 
development  and  understanding  of  the  synthesis  procedure  The  operations  described  are  the 
building  blocks  of  the  complete  procedure. 

1.  The  Effect  of  a  Restorer 

This  section  le  included  to  give  the  reader  aome  intuitive  feel  of  the  effects  of 
restorers  in  a  redundant  system  and  of  the  utilization  of  these  effects  in  the  formulation  of  a 
synthesis  procedure. 


3-10 


To  illustrate  the  effect  of  a  restorer,  consider  the  shift  register  of  figure  3-4, 
and  assume  the  states  of  all  the  locations  in  the  register  except  location  5  are  specified  as 
shown. 


Figure  3-4.  The  Effect  of  a  Restorer  in  a  Shift  Register 


a.  Reliability 

The  reliability  of  a  network  is  the  probability  that  at  least  k  lines  are  suc¬ 
cessful  at  each  network  output.  The  addition  of  a  restorer  will,  of  course,  change  this 
probability.  In  a  multiple  line  redundant  netwo.k,  in  general,  it  takes  more  than  one  circuit 
failure  to  induce  network  failure.  For  the  example,  with  majority  restoring  circuits,  two 
properly  placed  circuit  failures  are  required  to  disable  the  network.  The  causes  of  network 
failure  can  be  divided  into  two  classes:  1)  the  critical  circuit  failures  all  occur  in  the  6ame 
function,  (i.e.  the  failure  of  circuits  7a  and  7b  disable  the  network)  and  2)  the  critical  circuit 
failures  occur  in  different  functions,  (i.e. ,  8a  and  7b).  The  importance  of  this  cla;.s  fication 
is  that  the  addition  of  restorers  can  do  nothing  to  reduce  the  first  class  but  can  reduce  the 
number  of  combinations  of  failures  in  the  second  class. 

Now,  what  is  the  effect,  on  reliability,  of  adding  a  restorer  to  a  redundant- 
multiple-line  network?  Before  the  restorer  is  added,  a  list  can  be  constructed  which  includes 
all  the  combinations  of  functions  within  which  circuit  failures  can  occur  to  cause  the  network 
to  be  disabled.  For  the  example  network  with  x,.  =  0,  this  list  is  shown  In  table  3-1.  En¬ 
tries  with  only  one  lunction  describe  combinations  of  the  first  class  and  entries  with  two 
functions  describe  combinations  of  the  second  class.  If  the  order  of  redundancy  of  the  ex¬ 
ample  were  greater,  there  would  be  entries  with  more  than  two  functions.  The  number 
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associated  with  each  entry  is  the  number  of  different  combinations  of  circuit  failures  that 
arise  in  the  listed  functions.  For  instance,  there  are  three  sets  of  two  circuits  in  function  7 
whose  failure  causes  failure  of  the  network,  7a-7b,  7a-7c,  7b- 7c;  and  there  are  six  '  »ts  of  two 
failures  in  the  functions  6  and  7,  7a-6b,  7a-6c,  7b-6a,  7b- 6c,  7c-6a  and  7c -6b. 


Table  3-1.  Combinations  of  Functions  in  Figure  3-4  with  Location  S  empty  in 
which  Two  Circuit  Failures  can  occur  to  cause  Network  Failure 


Combination  of 

Functions  or 

Restorers 

Number  of  Fatal 
Combinations  of 

Two  Circuit  Failures 

1 

3 

2 

3 

3 

3 

4 

3 

5 

3 

6 

3 

7 

3 

8 

3 

9 

3 

11 

3 

16 

3 

1,2 

6 

11,3 

6 

11,4 

6 

11,5 

6 

11,6 

6 

11,7 

6 

3,4 

6 

3.3 

6 

3,3 

6 

3,7 

6 

4.9 

6 

4,3 

6 

4,7 

6 

9.3 

6 

3.7 

6 

3,7 

6 

13,8 

6 

16.9 

6 

3.9 

6 

A  lint  such  as  the  one  in  table  3-1  is  Important  because  it,  together  with  the 
reliabilities  of  the  circuits  in  the  function  and  restorers  describes  an  estimate  of  the  relia¬ 
bility  of  the  network.  This  estimate,  which  is  described  completely  in  Appendix  A  of  the 
First  Annual  Report  is  called  the  Minimal  Cut  approximation  to  reliability.  The  Minimal 
Cut  approximation  gives  a  lower  bound  to  the  true  reliability.  It  is  quite  accurate  when  the 
reliabilities  of  the  circuits  of  the  network  are  close  to  1,  say  .99  or  greater.  This  condition 
will  be  met  for  most  networ  ks  for  which  the  synthesis  procedure  will  be  used. 


The  reliability  cf  the  network  calculated  with  minimal  cuts  is  defined  as  the 
probability  that  none  of  the  sets  of  circuits  listed  in  table  3-1  fail.  Two  networks,  with  the 
same  list,  have  the  same  reliability  regardless  of  how  the  functions  are  interconnected. 

This  approximation  to  reliability  is  used  to  determine  the  expected  cost  due  to  failure  in  the 
optimization  criterion. 

Then,  assuming  the  circuit  reliability  in  each  function  and  restorer  is  known, 
using  table  3-1,  the  reliability  of  the  shift  register  in  figure  3-4  can  be  calculated. 

Now,  when  a  restorer  is  added  to  location  5,  a  new  list  results.  This  is 
shown  in  table  3-2. 


Table  3-2.  Combination  of  Functions,  in  Figure  3-4  with  Location  5  Filled, 
in  which  Two  Circuit  Failures  can  occur  to  cause  Network  Failure 


Combination  of 

Functions  or 

Restorers 

Number  of  Fatal 
Combinations  of 
Two  Circuit  Failures 

1 

3 

2 

3 

3 

3 

4 

3 

5 

3 

6 

3 

7 

3 

8 

3 

9 

3 

11 

3 

14 

3 

16 

3 

1.2 

6 

11,3 

6 

11.4 

6 

11,8 

6 

3,4 

6 

3,5 

6 

4,5 

6 

14,6 

6  ; 

14.7 

6 

«,7 

6 

16,8 

6 

1M 

6 

9.» 

6 
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Table  3-3.  Combinations  Lost  and  Gained  with  the  Addition  of 
a  Restorer  in  Location  5 


Combinations  Lost 

Combinations  Added 

11,6  -  6 

14  -  3 

11,7  -  6 

14,6  -  6 

3,6  -  6 

14,7  -  6 

3,7  -  6 

4,6-6 

4,7  -  6 

5,6  -  6 

5,7-6 

Table  3-2  is  different  from  table  3-1.  Combinations  have  be^n  gained  and 
lost  by  the  addition  of  the  restorer.  The  gains  and  losses  are  summarized  in  table  3-3. 

When  combinations  are  lost  with  none  gained,  the  reliability  of  the  network  will  always  in¬ 
crease.  However,  when  combinations  are  gained,  with  none  lost,  the  reliability  will  always 
decrease.  With  the  addition  of  the  restorer,  the  network  has  both  gained  and  lost  circuit 
combinations  whose  failure  brings  about  the  network  failure.  It  is  not  obvious,  without  cal¬ 
culating,  whether  the  reliability  has  increased  or  decreased  with  the  addition  of  the  restorer. 
If  the  reliability  for  all  circuits  is  the  same,  the  number  of  combination  becomes  the  im¬ 
portant  parameter;  the  fewer  failure  Inducing  combinations,  the  greater  the  reliability.  If 
thi.«i  is  the  situation,  for  example,  the  restorer  in  location  5  is  beneficial  since  its  addition 
caused  48  combinations  to  be  lost  and  IS  combinations  to  be  gained. 

How  has  all  this  come  about?  What  mechai.lsm  has  the  restorer  used  to 
change  the  list  of  failure  induciigf  circuit  combinations?  The  answer  to  these  questions  can 
be  seen  in  the  error  correcting  properties  of  the  reetorer.  From  Section  II.  A. .  it  is  known 
that  errors  which  appear  on  the  input  of  a  restorer  and  are  lnaufflclent  in  number  to  cause 
network  failure  are  not  passed  through  the  restorer.  As  long  ae  this  condition  noids.  the 
number  of  error*  on  the  output  of  the  restorer  is  independent  of  the  number  of  errors  on  its 
Input.  Restorer  11  and  functions  3,  4  and  5  form  the  inputs  to  restorer  14  In  location  5.  and 
functions  8  and  7  are  tied  to  its  output.  Since  there  is  no  signal  path  between  members  of 
the  two  sets  of  functions  which  bypasses  the  restorer,  the  restorer  has  isolated  the  effects 
of  the  circuit  failures  in  11,  3,  4  and  3  from  circuit  failures  in  0  and  7.  This  is  the  reason 
tor  the  restorer;  it  is  the  only  beneficial  effect  Inherent  In  Its  use. 

The  inclusion  of  the  rcatorer  has  some  effects  on  the  reliability  of  the  network 
that  are  not  necessarily  beneficial.  Because  the  restorer  is  constructed  of  real  physical 
restoring  circuits,  these  circuits  are  necesaarily  subject  to  failure.  Since  these  restoring 
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circuits  were  not  in  the  network  before  the  addition  of  the  restorer,  some  new  error  inducing 
combinations  are  introduced  with  tneir  Inclusion.  Of  course,  failure  of  two  of  the  restoring 
circuits  causes  network  failure;  therefore,  combinations  ol  the  first  class  (in  the  same  func¬ 
tion  or  restorer)  are  introduced.  The  restorer  must  take  on  all  the  outputs  oreviously  sup¬ 
plied  by  its  function,  so  combinations  of  the  second  class  (in  two  different  functions  or 
restorers)  must  also  be  introduced.  Note  that  when  a  restorer  is  added  to  location  3,  all  the 
combinations  consisting  of  functions  5  and  its  sinks  (combinations  5,6  and  5,7)  have  been 
replaced  by  combinations  of  the  restorer  and  those  sinks  (combinations  14,6  and  14,  7).  In 
general,  when  a  restorer  is  placed  in  the  location  of  a  function,  combinations  including  the 
restore!  and  the  sinks  of  the  function  will  always  be  gained.  Combinations  which  include 
the  function  and  its  sinks  will  always  be  lost,  unless,  because  of  feedback  m  the  network, 
the  sinks  in  Ihe  combinations  are  also  sources  of  the  function. 

The  main  point  to  be  derived  from  this  section  is  that  the  effect  on  the  relia¬ 
bility  of  the  network,  due  to  a  change  in  state  of  a  particular  location,  is  independent  of 
some  of  the  functions  and  the  states  of  some  of  the  locations  of  the  network.  Note  that  the 
combinations  which  include  functions  1,  2,  8,  9  or  restorer  16  do  not  change  at  all  with  the 
addition  of  the  restorer  in  locatio:  ‘5.  No  combination  lost  or  gained  includes  any  of  these 
functions  or  restorers;  while  all  other  functions  and  restorers  in  the  network  are  included  in 
one  of  the  entries  of  table  3-3.  As  far  as  noting  the  difference  in  reliability  between  th"  net¬ 
works  with  and  without  a  restorer  in  location  5,  these  functions  might  just  as  well  have  been 
left  out  of  the  network  and  only  the  network  of  figure  3-5  considered. 


Figure  3-5.  The  Network  that  muat  be  Considered  when  Determining 


the  effect  of  a  Restorer  in  Location  5 

Since  this  small  network  need  only  be  considered,  it  is  reasonable  to  say  that 
the  effert  of  the  state  of  location  5  on  reliability  Is  Independent  of  the  form  of  the  network 
before  restorer  11  or  after  function  7  as  long  as  restorer  16  is  present. 

All  this  is  so,  because  restorers  11  and  16  have  isolated  (unci,  .  '  ,.om 
functions  1,  2,  8,  !»,  and  restorer  16.  There  are  no  failure  inducing  combinations  which  In¬ 
clude  function  5  and  any  of  these  functions  and  restorers. 


3-  14 


The  network  of  figure  3*5  ia  called  an  Isolated  region  of  function  5.  Every 
function  or  restorer  not  in  the  region  ia  isolated  from  function  5,  and  every  function  or  re¬ 
storer  within  the  region  is  error-linked  to  function  5.  This  region  is  described  by  an  array 
called  an  isolating  array  of  (unction  S,  which  specifies  the  states  of  locations  on  the  bound¬ 
aries  of  the  region  and  within  the  region.  For  this  example,  the  isolating  array  is  (X,  1,0, 
0,0,0, 1,\,X).  Locations  1,  8,  and  9  are  unspecified,  X'd,  because  their  states  have  no 
bearing  on  the  effect  of  the  state  of  location  5  on  the  reliability  of  the  network. 

b.  Functional  Cost 

In  the  synthesis  procedure,  the  decision  whether  to  fill  a  location  or  leave  it 
empty  tor  a  particular  isolating  array  will  depend  on  the  functional  cost  of  Section  ni.  B. , 
as  well  as  the  reliability.  The  effect  on  the  functional  cost  of  adding  a  restorer  to  location 
5  is  an  obvious  one.  The  restorer  can  in  no  way  decrease  or  increase  the  costs  of  any  other 
function  or  restorers  in  the  network.  It  can  only  add  on  its  own  cost.  If  is  the  cost  of 
the  network  without  the  restorer  in  location  5  and  CR  is  the  cost  of  the  restorer,  ♦  CR 
is  the  functional  cost  of  the  network  with  the  restorer.  A  restorer  can  only  increase  the 
functional  cost  of  a  network,  and  the  amount  of  Increase  is  independent  of  the  functions  or 
Interconnections  of  the  network. 

3.  Determination  of  the  Optimum  State  of  the  Location 

The  effects  of  acdlng  a  restorer  to  location  5  have  been  shown  for  the  example. 

Now  the  problem  is  how  to  determine  whether  it  is  best  to  put  a  restorer  in  location  5  or 
leave  it  empty,  the  state  of  the  other  locations  given. 

First,  if  the  designer  Is  interested  only  In  maximizing  reliability,  he  will  determine 
which  state  le  more  reliable  and  choose  that  one.  It  haa  already  been  indicated  how  this  is 
done  using  the  minimal  cut  approximation  to  reliability.  It  should  be  remembered  nere  that 
when  maximum  reliability  Is  the  goal,  tbs  optimum  state  of  location  $  does  not  depend  on  the 
functions  or  restorers  which  are  isolated  from  function  5  when  there  is  no  restorer  in  that 
location.  The  state  of  location  8  should  bs  sat  to  maximize  the  reliability  of  its  isolated 
region.  Perhaps  this  fact  is  mors  sully  accepted  If  It  is  remembered  that  if  a  network  is 
made  up  of  a  number  of  independent  parts,  the  maximum  reliability  of  the  network  is  obtained 
when  the  reliability  of  each  part  Is  maximized. 

If  the  designer  la  interested  only  in  minimising  the  functional  coat,  he  would  leave 
the  location  empty  regardleu  of  the  construction  of  ths  network,  since  tne  restorer  only  in¬ 
creases  c.ist.  Of  course,  tf  the  designer  Is  only  laLreefad  In  this  parameter,  he  would  not 
be  using  redundancy. 
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In  the  synthesis  technique,  both  of  these  factors  are  considered  in  the  optimization 
of  the  state  of  a  iocation.  They  are  used  together  in  the  True  Cost  equation. 

For  determining  the  optimum  state  of  location  5,  in  the  example,  the  True  Cost* 
is  calculated  for  the  network  which  includes  all  the  functions  or  restorers  error-linked  with 
function  5  when  location  5  is  empty.  This  network  is  the  isolated  region.  The  cost  of  this 
region  is  calculated  first  with  location  5  empty  and  then  with  a  restorer  added  to  iocation  5. 
oth  the  functional  cost  and  the  expected  cost  due  to  failure  will  change  ».th  the  addition  of 
the  restorer.  The  state  of  location  5  which  has  the  least  True  Cost  is  judged  the  optimum 
for  the  array  of  states  taken  on  by  the  other  locations  in  the  network,  (X,  1,0.0,0,0.1.x  X) 

Since  this  comparison  has  been  made  not  considering  the  form  of  the  network  be¬ 
yond  restorers  11  and  16,  the  decision  on  optimum  state  of  location  5  is  the  same  even  though 
restorers  may  be  added  to  locations  1,  6,  and  9  or  any  set  of  these  locations.  Then  this  de¬ 
cision  is  good  for  any  set  of  states  taken  on  by  locations  1,  8,  and  9. 


Table  3-4  lists  the  network  arrays  for  which  the  optimum  state  of  location  5  is 
determined  by  optimizing  the  location  in  the  isolated  region  identified  by  the  isolating  array 


Table  3-4.  Network  Arrays  in  which  the  Optimum  State  of  Location  5  is 
Determin*  f  by  Optimizing  the  Location  in  the  Isolated  Region 
Identified  by  the  Array  (X,  1,0, 0,0,0, 1,X,X) 


(0, 0,0, 0,0, 1,0,0) 
(0,1, 0,0, 0,0, 1,0,1) 
1, 0,0, 0,0, 1,1,0) 
tu.  i, 0.0, 0.0, 1, 1, 1) 
(1,1, 0,0, 0.0.1, 0,0) 
(1, 1,0,0, 0,0, 1.0,1) 
(1,1,0,0,0,0,1,1,01 
(I>  1.0, 0,0,0, 1,1,1) 


The  results  ol  this  section  are  extremely  Important  to  the  synthesis  procedure 
because  it  has  shown  how  the  principle  of  isolation  has  been  used  to  optimize  a  location  in  a 
number  o.  arrays  through  Jus*  two  calculations  of  the  True  Cost. 


m&,Tr,!malri0n  U8ed  ‘n  ,h8  Procedure  for  me  termination  of  this  cost  is  described 


3.  Optimizing  a  Location  with  Other  Locations  Already  Optimized 

It  was  described  in  the  last  section  how  a  location  within  an  Isolated  region  can  be 
optimized  regardless  of  the  states  of  locations  outside  the  region.  This  section  shows  that 
a  location  can  be  optimized  even  though  some  of  the  other  locations  in  the  region  are  already 
optimized. 


Considtr  the  regions  in  figure  3-6  in  which  location  5  has  been  optimized  by  pre¬ 
vious  calculations  for  the  two  possible  states  of  location  3.  U  is  now  desired  to  optimize 
location  3. 


Figure  3-8.  Optimising  Location  3  with  Location  5  Already  Optimized 


The  optimum  state  of  a  location  will  be  either  1  or  0  depending  on  the  results 
of  some  comparison  of  true  costa,  but  usually  in  the  examples  of  this  report  the  fact  that  a 
location  haa  been  optimtsed  will  be  indicated  by  a  9  which  can  take  on  either  1  or  0.  This 
convention  la  used  in  figure  3-6.  9  indicates  only  that  a  location  has  been  optimized.  It  in 
no  way  reflects  the  optimum  state  of  a  location.  In  fact  If  two  locations  are  specified  as  0 
one  may  be  restored  while  the  other  is  not. 

Note  that  the  9'a  in  figure  3*0  may  have  been  determined  by  the  methods  of  the  last 
section  and  that  they  may  Indeed  be  different.  For  a  moment,  assume  they  are  the  same. 
Then  since  the  regions  in  "a"  and  "b"  are  identical  and  since  location  3  is  isolated  by  restor¬ 
er*  In  locations  2  and  7,  the  optimum  state  of  location  3  can  be  determined  by  comparing  the 
true  costs  of  regions  a  and  b.  The  optimum  region  is  the  one  with  the  lowest  true  cost,  and 
it  it  represented  by  *he  array,  (X190901XX),  in  which  locations  3  and  5  are  optimized. 
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Now,  what  if  the  optimum  state  of  location  5  were  not  identical  (or  the  two  regions? 
The  true  costs  o(  the  regions  "a"  and  "b"  can  still  be  compared  to  determine  the  optimum 
state  of  location  3.  To  illustrate  this  assume  for  location  5  that  0-0  for  region  "a"  and 
0  -  1  for  region  b. 

With  locations  2,  4,  6,  &  7  specified  as  in  figure  3-6  there  are  four  possible  con¬ 
figurations  the  region  can  assume  as  locations  3  and  5  take  on  all  possible  states.  These  are 
shown  in  figure  3-7  with  their  arrays. 


Figure  3-7.  The  Possible  Regions  ss  Locations  3  and  5  Assume  All  Possible  States 


From  the  previous  comparisons  one  knows  that  with  restorers  in  location  3  and  7 
and  none  in  locations 4 and 6,  location  8  should  be  empty.  Thus  region  c  is  less  costly  than 
region  d,  and  the  latter  region  has  been  eliminated  by  the  previous  comparison.  Also  from 
a  previous  comparison  one  knows  that  with  rsstorers  in  2  and  7  and  none  in  locations  3,  4. 

<t  6,  location  5  should  be  filled.  Thus  alternative  s  has  been  eliminated  in  a  previous  com¬ 
parison. 

Thus  to  find  the  optimum  aisle  of  location  3  with  5  already  optimized,  it  is  only 
necessary  to  compare  regions  b  and  c. 

The  reeuit  of  the  comparison  will  be  an  array  with  two  locations  optimized. 
(X100001XX).  The  values  of  the  0’s  are  determined  by  the  least  expensive  region.  Thus  if 
region  b  is  least  expensive,  the  0  In  location  3  will  be  0  and  the  0  in  location  5  will  be  1  If 
region  c  is  least  expensive,  the  0  in  location  3  will  be  1  and  the  0  in  location  5  will  be  0. 
These  results  are  very  Important  because  they  make  it  possible  to  optimize  a  location  and 
util  the  results  of  the  comparison  to  simplify  subsequent  determinations  of  the  optimum  state 
of  other  locations. 
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It  is  important  that  when  two  regions  are  compared  to  optimize  a  location  that  the 
same  location  bo  lptimlzed  in  both  regions.  To  illustrate  the  opposite  consider  figure  3-8. 


Figure  3-8.  Two  Regions  With  Diiforent  Locations  Optimized 


Comparison  of  these  two  arrays  will  of  course  determine  which  has  the  lowest  true  cost,  but 
the  question  is  what  to  do  with  the  result.  It  cannot  be  said  that  the  comparison  yields  the 
array,  (X1O081XXX),  with  three  locations  optimized,  because  not  all  the  alternative  states 
of  the  three  locations  have  been  considered.  For  Instance,  assume  that  the  0's  in  tx.u,  regions 
a  and  b  are  equal  to  1.  Of  the  eight  possible  regions  that  occur  when  locations  3,  4,  and  5 
assume  all  possible  values  shown  in  figure  3-9,  only  two,  a  and  e  have  been  eliminated  by 
previous  comparisons. 

The  results  of  the  comparison  of  the  regions  in  figure  3-8  will  yield  either  f  or  c. 
Thus  four  of  ths  sight  alternatives  have  not  svtn  been  considered,  hence  the  comparison 
cannot  yield  the  optimum  values  of  locations  3,  4,  and  8. 

Ths  findings  of  this  ssctlon  can  be  stated  In  general.  Two  arrays  can  be  compared 
to  optimise  a  location  in  spits  of  the  presence  of  previously  optimized  locations.  However, 
the  same  locations  must  bs  optimised  in  sach  array.  The  results  of  the  comparison  w‘ii  be 
an  array  which  Is  optimised  for  all  locations  optimised  before  the  comparison  plus  the  loca¬ 
tion  optimised  by  the  comparison.  Ths  values  of  the  9's  In  the  new  array  will  be  the  states 
of  the  corresponding  locations  in  the  least  expensive  of  the  two  regions  in  the  comparison. 
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Figure  3-9.  The  Possible  Regions  as  Locations 3,  4,  and  5  Assume  All  Possible  States 


4.  Comparison  of  Two  Arrays  to  Optimise  a  Location 

In  the  synthesis  procedure  to  be  described  In  the  following  pages  a  frequently 
referenced  operation  will  be  the  comparison  of  two  arrays  to  optimize  a  location.  This  sec¬ 
tion  is  devoted  to  the  description  of  this  operation. 

Two  arrays  are  said  to  be  comparable  if  there  Is  one  and  only  one  location  which 
takes  on  the  "1"  state  in  one  of  the  arrays  and  the  ”8"  state  In  the  other  and  every  location 
specified  as  9  In  one  array  Is  also  specif  led  as  9  in  the  other  array.  For  example  the  arnyB. 

(1  0  1  I  X  X  9  X  9) 

and 

(i  0  0  I  X  X  9  1  9) 

are  comparable.  On  the  other  hand,  the  arrays: 

(1  0  1  0  X  X  9  X  9) 
and 

(1  0  0  1  X  X  9  1  9) 

or  the  arrays: 
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(1  0  1  I  X  X  X  X  ft) 

(1  0  0  1  X  X  ft  1  ft) 
are  not  comparable. 

Comparable  arrays  can  be  used  to  derive  two  regions  which  are  identical  except 
for  one  location  and  possibly  some  previously  optimized  locations;  hence  the  comparison  of 
comparable  arrays  (or  alternatively  the  comparisons  of  the  regions)  yields  an  array  with  one 
mure  location  optimized. 

Since  an  array  may  have  a  1  or  0  where  a  comparable  array  has  an  X,  regions 
specified  by  comparable  arrays  may  not  be  identical.  For  instance  for  a  nine  function  shift 
register  two  cim. parable  arrays  are; 

(1XXXXXXXX) 

(0  0  0  1  X  X  X  x  X) 

These  arrays  form  the  regions  shown  in  figure  3-10,  a  and  3-10,  b  respectively. 


Figure  1-10.  The  Regions  of  Two  Comparable  Arrays 


Although  the  arrays  fulfill  the  requirements  for  comparability  their  regions  cannot 
bo  compared  because  they  do  not  Include  the  same  functions.  To  form  the  regions  which 
ars  to  be  compered  to  optimise  a  location,  the  regions  wili  be  made  to  include  every  function 
that  Is  in  either  region  specified  by  the  arrays.  Thus  the  regions  of  figure  3-10  will  be  modi¬ 
fied  to  appear  as  in  figure  3-11. 
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Figure  3*11.  Regions  Modified  to  be  Comparable 


Now  the  true  costs  of  the  two  regions  of  figure  3-11  can  be  compared  to  optimize 
the  state  of  location  1  for  the  given  values  of  the  other  locations. 


In  summary  comparable  arrays  differ  in  one  and  only  one  location  such  that  a  1 
appears  in  one  of  the  arrays  and  a  0  appears  in  the  other.  Excluding  the  differing  location 
any  location  which  is  specified  as  0  in  one  array  must  be  0  or  X  in  the  other  array  and  any 
location  specified  as  1  in  one  array  must  specify  as  1  or  X  in  the  other.  Before  two  array, 
can  be  compared  to  optimise  a  location,  die  regions  must  be  made  to  include  the  same  func¬ 
tions.  Event  function  Included  In  either  of  the  regions  of  the  arrays  must  be  included  in 
both  modified  regions. 
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E.  THE  DETAILED  SYNTHESIS  PROCEDURE 


The  procedure  described  in  this  section  differs  in  one  basic  respect  from  the  procedure 
described  in  the  First  Annual  Report  to  perform  the  same  function.  The  First  Annual  Report's 
procedure  generated  all  the  isolating  arrays  of  function  1  and  placed  them  in  a  list.  It  then 
searched  through  the  list  to  find  the  proper  arrays  to  compare  in  order  to  optimize  locations. 
The  current  version,  here  described,  generates  the  arrays  in  the  order  itiey  are  needed,  and 
makes  all  possible  comparisons  with  an  array  before  another  array  is  generated.  The  long 
list  of  arrays  is  no  longer  necessary,  hence  the  memory  space  and  search  time  required  for 
the  computer  implementation  a  the  procedure  are  greatly  reduced.  Major  portions  of  the 
new  procedure  are  the  techniques  required  to  generate  arrays  in  the  proper  order  and  to 
recognize  the  proper  arrays  to  be  compared. 

This  section  describes  all  the  steps  of  the  Isolating  Array  Synthesis  Procedures.  The 
activities  of  the  procedures  can  be  divided  into  parts,  those  dealing  with:  1.  The  generation  01 
the  Isolating  arrays  in  the  proper  order  and  2.  The  comparisons  of  the  arrays  to  optimize 
locations.  In  the  procedure  the  generation  and  comparison  activities  are  performed  con¬ 
currently  but  for  this  description  they  will  be  treated  separately. 

From  time  to  time  names  are  Introduced  into  the  text  which  are  variables  in  the 
program  which  implements  the  procedure  on  a  digital  computer.  These  are  introduced  to 
ease  the  description  of  parts  of  the  procedure,  rather  than  to  illustrate  the  construction  of 
the  program.  A  description  of  the  program  is  reserved  for  Appendix  B. 

1.  The  Oewirsttoo  Procedure 

s.  Terminology  and  Background 
(1)  General 

The  problem  of  generating  the  isolating  arrays  is  equivalent  to  the  problem 
of  generating  the  Isolated  region  which  they  represent.  To  help  visualize  the  process  used  to 
generate  theeo  arrays,  think  of  tbs  generation  procedure  as  constructing  s  pod,  which,  si 
any  givsn  time,  encloses  n  part  of  ths  nstwork  which  Includes  function  1.  This  enclosed 
part  of  the  network  is  isolated  by  restorers  or  the  form  of  the  network  from  the  remainder 
of  the  network  and  forme  an  isolated  region  which  is  inds pendent  of  the  remainder  of  the 
network.  Every  function  nnd  restorer  within  the  pod  Is  to  be  error  linked  to  the  flret  function. 
The  generation  process  begins  as  an  enclosure  about  a  single  function  (function  1)  In  the  net¬ 
work  and  as  it  develops,  the  area  enclosed  by  the  pod  Increases  until,  finally  the  entire 
network  is  engulfed  by  the  pod. 
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(2)  Incompletely  Specified  Array* 

The  boundaries  of  the  area  enclosed  by  the  pod  are  locations  in  the  network 
and  they  are  referred  to  In  the  isolating  arrays  as  8  *s  and  0’s.  These  designations  are 
variables  and  will  take  on  the  states  1  and  0  -  1.  e.  the  location  described  by  the  &  or  0  will 
be  allowed  to  first  be  restored,  then  be  unrestored.  When  one  location  with  'i  or  0  is 
allowed  to  vary  two  new  arrays  are  generated,  the  l-substituted  and  the  O-suoatltuted  arrays. 
Arrays  which  include  one  or  more  8 's  or  0’b  are  referred  to  as  incompletely  specified 
arrays.  They  are  intermediate,  or  transition,  arrays  in  the  generation  procedure.  They 
eventually  give  rise  to  completely  specified  arrays  (arrays  wliich  contain  no  8 's  or  0's). 

Tne  generation  of  completely  specified  arrays  is  the  purpose  of  the  generation  procedure. 

(3)  The  Implications  of  8  and  0  Variation 

As  previously  discussed,  an  imaginary  poo  is  constructed  about  a  given 
function  in  the  network  and  this  pod  is  allowed  to  expand  until  the  entire  network  is  en¬ 
compassed.  If  this  first  function  is  selected  at  some  place  in  the  middle  of  the  network  this 
expansion  of  the  pod  can  tana  two  directions  with  respect  to  the  signal  flow:  upstream  or 
downstream  from  the  function  selected.  The  difference  in  the  effects  experienced  lies  in  the 
manner  in  which  error-linking  occurs.  When  the  expansion  occurs  in  the  upstream  direction 
the  first  type  of  error  linking,  the  upatream  type,  occurs,  hence  upstream  boundaries  at  the 
pod  are  specified  as  0.  Conversely,  when  the  expansion  is  proceding  in  the  downstream 
direction,  downstream  error-linking  is  possible,  hence  0  specifies  the  downstream 
boundaries  of  the  pod.  If  the  8 'a  and  0's  were  replaced  by  i's,  the  enclosed  area  would  form 
an  isolated  region  of  Auction  1. 

(4)  effects  of  I  and  0  Variation 

8  and  0  are  variable  states  for  a  given  location.  Their  presence  in  an 
array  means  that  the  array  is  Incompletely  specified  and  that  more  arrays  will  be  generated 
from  this  array.  One  at  a  time  each  8  and  0  will  taka  on  the  two  possible  states  1  and  0. 
Hence,  the  variation  of  a  8  or  0  yields  two  arrays.  Tha  1-subefltuted  and  the  O-aubetituted 
arrays.  When  a  1  is  substituted  for  a  8  or  0,  a  restorer  is  assumed  in  that  location  and  no 
errcr-llnked  function!  are  added.  However,  when  a  0  is  substituted,  the  absence  of  a 
restorer  is  assumed  and  error-linking  takes  niece  between  the  function  whose  output  was 
the  f  or  0  and  Its  error-linked  functions.  The  manner  in  which  error-linked  functions  are 
added  is  determined  by  whether  a  8  or  0  was  varied.  Varying  a  8  adds  error-linked 
functions  according  to  the  downstream  effect  whereas  a  0  adds  error-linked  functions 
accoi  ding  to  the  upstream  effect.  Each  newly  added  error-linked  function's  location  takes 
on  the  variable  designation  8  or  0  depending  upon  whether  It  was  added  while  moving 
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upstream  or  downstream.  If  it  was  come  upon  while  moving  downstream  a  8  is  added,  if 
upstream  a  0  is  added  in  the  proper  location.  0's  are  added  due  to  upstream  error -linking 
while  8  and  0's  may  be  added  due  to  downstream  error-linking. 

(5)  The  Parent  Array 

In  order  to  Initiate  the  generation  procedure  an  incompletely  specified 
array  must  be  constructed  which  builds  this  imaginary  pod  about  the  function  selected  as 
function  1  in  the  network.  This  is  accomplished  by  assuming  the  output  of  this  function  to 
be  a  8  and  any  input  error -linked  functions  as  0's.  Since  this  is  the  Initial  array,  that  which 
gives  birth  to  all  others, It  is  referred  to  as  the  parent  array.  Allowing  the  j  ana  0's  to  take 
on  their  variable  states  allows  the  pod  to  grow  and  encompass  an  increasing  number  of  functions. 

(6)  Example 

Figure  3-12  a.  shows  a  network  and  its  parent  array.  The  imaginary  pod 
encloses  only  function  1,  its  output  (downstream)  is  specified  as  8  ,  its  input  (upstream)  is 
specified  as  0.  Figure  3-12  h.  represents  the  result  when  the  t  in  location  1  is  allowed  to 
vary  -  the  two  arrays  shown  result.  The  1-substltuted  array  (10  xxxxx)  adds  no  new  error- 
linked  funcii.M.  The  O-subatituted  array  (00  x  x  0  8  x)  has  added  two  new  error-linked 
functions  due  to  the  downstream  effect.  If  no  restorer  is  assumed  in  location  1 ,  function  1 
is  error-linked  to  function  6.  Function  0  was  found  by  moving  downstream  from  function  1 , 
hence,  it  is  specified  as  8  and  may  introduce  more  downstream  effects  when  it  is  allowed  to 
take  on  the  0  state  at  a  later  time.  Function  8  was  found  by  moving  upstream  from  the  function 
which  has  inputs  from  two  branches.  Whan  this  location  is  allowed  to  take  on  the  two  states, 
a  0-substitution  should  Introduce  only  upstream  effects,  hence  it  is  designated  0.  The  new 
pod  encloses  function  1  and  6.  This  occurs  when  tbs  variable  locations  2,  5  and  6  have  taken 
on  the  1  stats  simultaneously.  The  pod  has  expanded  in  the  downstream  direction. 

b.  Mechanics  of  the  Procedure 

The  aim  of  the  generation  procedure  is  to  arrive  at  all  the  completely  specified 
(no  I's  or  0'a)  Isolating  arrays  of  function  1,  In  addition  it  is  necessary  to  make  the  proper 
comparisons  between  these  isolating  arrays  in  order  to  optimize  the  states  of  the  locations  of 
the  network. 

As  the  pod  shout  the  first  function  is  Increased  in  size,  not  only  are  Isolating 
arrays  of  function  1  generated,  but  other  functions  arc  Incorporated  such  that  Isolating  arrays 
of  these  functions  are  also  being  generated.  H  .'nee,  compar icons  con  be  made  lo  optimize 
these  other  locations  in  addition  to  location  1.  The  method  which  ia  used  to  generate  and 
compare  these  arrays  will  be  discussed  here 
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Figure  3-12.  Example  Network  and  Arrays  Generated  by  first  Expansion  of  the  Pod 

All  isolating  arrays  generated  by  the  synthesis  procedure  are  derived  front  the 
parent  array.  The  parent  array  normally  contains  a  number  of  variable  designations  (  8 's  or 
0*s).  When  a  substitution  is  made  for  a  8  or  0,  two  arrays  result,  one  with  a  1  substituted 
for  the  8  or  0,  the  other  with  a  0  substituted.  Both  of  these  arrays  will  contain  all  the  re- 
mainlng  # 's  and  0's  from  the  parent  array.  In  addition  the  O-aubetltuted  array  may  have 
added  more  error-linked  functions  ( I's  or  0's).  The  parent  array  and  its  two  derivations 
are  shown  in  Figure  3-13  for  the  network  shown. 

If  both  arrays  generated  are  incompletely  specified  the  O-substituted  array  is 
temporarily  stored*  and  the  procedure  operates  on  the  1  "Substituted  array,  varytr;  the  next 
8  or  0.  The  procedure  continues  to  operate  on  the  derivations  of  the  i-substltuted  array 
until  all  completely  specified  arrays  result  and  all  ttose  comparisons  which  are  necessary  at 


*  In  the  program  implementing  the  synthesis  procedure,  a  list  is  maintained  of  incompletely 
specified  arrays  awaiting  processing.  When  an  array  la  processed  it  is  removed  from  the 
list.  This  list  is  called  INCAR.  In  subsequent  discussions  this  name  is  used  to  describe 
the  list. 
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this  point  have  been  carried  out.  A  more  detailed  analysis  of  the  comparison*  which  arc 
made  will  be  presented  in  a  subsequent  discusG«or.**.  Then  the  0-  hstltuted  derivative  of  the 
parent  array  is  operated  up-.  >:». 

c.  Branch  Effects 

(1)  Branch  Formation 

If  this  1 -substituted  array  should  give  rise  to  two  additional  incompletely 
specified  arrays,  again  the  0-substituted  of  the  two  is  temporarily  stored  and  the  1 -substituted 
is  operated  upon.  This  pe  of  procedure  leads  to  the  formation  of  "branches"  of  arrays. 

It  can  also  be  true  that  a  1  substituted  array  may  be  completely  specified  while  its  partner, 
the  ((-substituted  array,  is  incompletely  specified.  If  this  is  true  the  1 -substituted  array  is 
carried  through  as  many  comparisons  as  possible  (this  will  be  further  explained  iater)  and 
the  O-substituted  array  is  then  operated  upon  to  generate  additional  arrays. 

(2)  Branch  Ends 

A  Branch  End  is  encountered  whsa  the  two  arrays  generated  from  an 
incompletely  specified  array  are  both  completely  specified.  This  halts  the  generation  process 
for  this  branch  and  after  the  necessary  comparisons  are  finished,  the  next  branch  is  con¬ 
sidered. 

The  next  branch  is  begun  by  locating  the  last  incompletely  specified  a  ray 
to  be  temporarily  stored:  (In  INCAR).  Operation  on  tMe  array  yields  the  next  branch.  This 
process  continues  until  there  are  no  remaWng  incompletely  specified  array*  in  storage. 

This  maaaa  that  the  last  branch  baa  base  developed  and  all  possible  isolating  arrays  of  the 
first  location  have  been  generated. 

I.  The  Comparison  Process 

a.  Comparison  Within  a  Branch 

A  typical  branch  which  might  be  developed  In  the  generator  procedure  is 
shown  in  figure  J-13.  This  branch  contains  several  completely  specified  arrays  an  well  as 
a  number  of  transitory  Incompletely  specified  arrays. 


•*  The  concept  of  comparison  la  Introduced  hare  to  give  the  reader  a  feel  for  the  con 
trlbution  of  the  generation  process  to  the  comparison  and  optimization  process. 
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Figure  3-13.  Example  Showing  Optimization  of  Locations  Within  a  Branch 

Any  completely  specified  array  in  the  branch  differs  from  each  of  those  which 
follow  it  in  the  same  branch  by  only  one  specified  location,  i.  e.  there  is  a  location  in  the 
array  which  is  in  the  1  state  which  in  each  the  arrays  following  is  in  the  0  state.  This  is 
due  to  the  manner  in  which  the  arrays  are  generated.  When  this  location  was  varied,  first  a 
1  was  substituted,  then  a  0.  The  1 -substituted  array  was  completely  specified;  the  0- 
substituted  array  was  incompletely  specified,  leading  to  additional  arrays.  Those  fallowing 
arrays  have  additional  l’s  and  0’s  where  th.  1- substituted  array  contains  X's.  These 
additional  l's  and  0's  were  introduced  due  to  the  S’*  and  0’s  which  were  introduced  by  the 
0-substltution.  However  these  locations  were  not  specified  as  1  or  0  in  the  first  array. 

Notice,  In  Figures  3-13,  array  7  has  only  2  specified  locations,  1  and  5. 

Each  of  the  arrays  following  in  tits  branch  differ  from  array  1  in  location  5*. 

Physically,  array  1  (figure  3-13)  represents  an  isolated  region  of  function  ’  as 
do  the  other  completely  specified  arrays.  If  the  region  which  is  included  in  array  7  but  not  in 
array  1  is  added  to  the  region  for  array  1,  the  two  resulting  regions  will  differ  in  only  one 
location.  Comparison  of  thsss  two  arrays  will  yield  an  array  with  one  location  optimized, 
that  location  by  which  the  two  arrays  differ.  Likewise,  comparison  of  array  1  with  each  o( 
the  others  will  yield  arrays  with  one  location  optimized.  (See  ilgure  3-  14a). 

«  Thg  Stamp!?  of  figurJT-'ia  illustrates  the  format  in  which  a  branch  is  written.  The  arrowB 
indicate  two  arrays  which  are  generated  when  a  variable  is  allowed  to  take  on  its  two  states. 
This  format  Is  employed  to  help  the  analyst  identify  those  comparisons  which  must  be 
performed. 

In  general  an  array  is  compared  with  each  array  generated  before  it  which  differs  from  it 
in  only  one  specified  location.  This  criterion  can  easily  be  seen  by  use  of  the  branch 
teciinique  since  any  two  arrays  which  are  in  the  same  branch  differ  from  each  other  If.  only 
one  specified  location.  Hence,  by  examining  the  entire  generation  true  for  a  network 
the  comparisons  which  will  be  made  will  be  evident. 
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a.  Results  of  the  first  comparison;  array  1  with  arrays  2,3,4  and  5. 
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b.  Results  of  second  comparison  -  array  2  with  3,  4  and  5 
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c.  Results  of  third  comparison  -  array  3  with  4  and  5 

array  result 

9  (10000) 

d.  Results  of  fourth  comparison  -  array  4  with  5 


Figure  3*14.  Results  of  First,  Second,  Third,  and  Fourth  Comparisons 


81nce  array  1  differs  from  each  of  these  generated  after  it  in  the  same  location, 
the  optimised  location  will  he  the  same  for  each  comparison.  Now  if  array  2  is  compared  with 
each  of  those  following,  another  location  will  be  optimised  in  arrays  3,  4,  and  5. 

Successive  comparisons  of  9  with  4  and  9,  and  4  with  9  will  finally  yield  an 
array  with  four  locations  optimised.  These  four  optimised  locations  are  optimum  under  the 
conditions  of  array  9,  i.  a.  if  tbs  restorer  configuration  of  array  9  (a  restorer  in  location 
1)  salats  the  four  optimised  locations  represent  the  beet  possible  configuration  of  restorers 
for  Uw  network. 


b.  Comparison  Between  Two  Branches 

The  result  of  comparisons  in  a  given  branch  yields,  In  general,  an  array  with 
x  number  of  locations  optimised  for  a  given  restorer  configuration.  The  next  branch  generated 
in  the  procedure  will,  likewise,  produce  an  array  with  x  number  of  locations  optimised,  but 
for  a  different  configuration  of  restorers.  Figure  3-19  shows  such  a  condition. 
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Figure  3-15.  Example  of  Branches  and  Partially  Optimized  Arrays 

a.  The  branches  (or  an  example 

b.  The  partially  optimized  arrays  that  arise  in  the  example 


Given  the  system  of  arrays  shown  tn  figure  3-15,  arrays  b  and  c  were 
generated  from  array  a  and,  hence,  differ  from  each  other  in  only  one  location,  that  which 

was  varied.  Each  gives  rise  to  a  branch. 

These  two  branches  must  differ  in  only  this  one  specified  location.  Therefore, 
after  the  comparisons  are  made  for  each  branch,  two  arrays  result  each  of  which  contains 
two  optimized  locations  each  for  a  given  configuration  of  restorers  shown  in  figure  3- 15b. 

These  two  arrays  may  now  be  compared  to  optimize  yet  another  location.  These  three 
locations  are  now  optimized  under  the  restraint  of  the  configuration  of  restorers  describee1 
by  the  remaining  specified  locations  in  the  resulting  array.  Now,  however,  there  is  one 
less  specified,  non-optimised  location  than  there  was  in  each  of  the  arrays  which  had  two 
locations  optimized.  In  general,  successive  comparisons  between  "branch  results”  Increase 
the  number  of  optimized  locations  and  decrease  the  restraints  until,  finally,  these  result  in 
a  comparison  between  two  arrays  each  of  which  has  ail  but  one  location  optimized  and  which 
differ  in  this  one  location.  Comparison  of  those  two  arrays  yields  the  optimized  network, 
c.  Mechanics  of  the  Comparison  Process 

In  order  to  avoid  the  storage  and  manipulation  of  a  large  number  of  completely 
specified  arrays,  each  array  is  compared  and  optimized  as  many  times  as  possible  im¬ 
mediately  after  its  generation.  The  comparison  rule  may  be  stated  as  follows:  A  completely 
specified  array  is  compared  Immediately  with  that  array  in  storage  which  has  the  same 
number  of  locations  optimized. 

The  first  completely  specified  array  generated  will  repreeent  the  smallest 
possible  isolated  region  which  Includes  ilie  first  function.  It  is  a  result  of  l'e  being  substituted 
for  aU  the  g ’s  and  0's  in  the  parent  array.  The  next  completely  specified  array  generated 
will  represent  a  slightly  larger  region  and  will  differ  from  the  first  in  one  specified  location. 
An  immediate  comparison  can  be  made  to  optimize  this  location  subject  to  the  restraints  of 
the  1 's  in  the  second  array. 
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Figure  8- 16.  Successive  Comparisons 

Refering  to  figure  3-16,  upon  generation  of  array  2  an  immediate  comparison 
may  be  made  between  arrays  1  and  2.  This  is  done  even  before  the  remainder  of  the  a -rays 
are  generated.  This  results  in  array  2  with  one  location  optimized  (1XX10)*.  The  third 
array  generated  (initially  no  locations  optimized)  may  be  compared  immediately  with  the 
first  array  which  also  has  no  locations  optimized.  This  comparison  results  in  one  optimized 
location  (location  S).  This  is  the  same  location  as  the  previous  comparison  optimized  since 
both  arrays  differ  from  the  first  array  in  this  same  location.  Now  the  second  and  third  area' 
may  be  compared  since  each  is  optimized  in  one  location.  This  comparison  results  in  a 
second  opt? .nired  location  (location  4).  This  progression  is  notunlike  building  a  staircase  - 
each  new  array  must  complete  all  the  comparisons  of  its  predecessor  before  it  can  optimize 
an  additional  location.  This  progression  continues  until  the  end  of  a  branch  is  reached.  Th> 
final  array,  optimized  as  much  aa  possible,  contains  the  most  optimized  locations  and  the 
fewest  restraints  in  the  branch.  When  the  end  of  the  branch  is  reached  and  this  array  with 
the  most  locations  optimized  is  obtained,  all  the  other  arrays  that  were  generated  in  the 
branch  must  be  dropped  from  consideration.  Only  the  array  with  the  most  locations  optimized 
Is  retained.  This  step  assures  that  no  two  partially  optimized  arrays  have  the  same  number 
of  locations  optimised. 

For  the  example,  when  array  S  is  generated  it  has  no  optimized  locations  and 
therefore  compares  to  array  1.  This  yields  one  optimized  location  (10000).  Comparison  is 
than  made  with  array  2,  which  also  has  one  location  optimized,  yielding  (10000).  After 
successive  comparisons  with  3  and  4  which  have  respectively  2  and  3  locations  optimized  the 
resulting  array  Is  (1).  The  same  result  was  noted  in  figure  3-14. 

As  the  next  branch  Is  generated  the  completely  specified  arrays  which  are  generated 
In  it  may  be  compered  only  with  arrays  which  differ  from  them  in  one  specified  non-optlmlzed 
location. 


*  In  ths  procedure  partially  optimized  completely  specified  arrays  are  stored  in  a  memory 
location  called  KOMPAR.  Along  with  this  array  is  s  list,  KLO,  which  Indicates  'he 
number  of  locations  optimized  in  each  entry  in  KOMPAR. 
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The  Initial  array  in  a  new  branch  is  a  O-substituted  array  which  resulted  from 
the  1  and  0  substitution  for  a  8  or  0.  The  1-substituted  array  formed  the  previous  branch. 

This  O-substituted  array  differs  from  Its  partner  (the  1  -substituted  array)  and  any  predecessor . 
in  only  one  specified  location.  Any  other  arrays  generated  from  the  l-substituted  (partner) 
array  will  differ  from  the  O-substituted  array  in  more  than  one  specified  non-optimized 
location.  Hence,  comparison  between  members  of  two  different  branches  is  invalid  except 
lor  the  one  final  array  which  has  the  greatest  number  of  locations  optimized.  This  one  array 
is  a  representative  of  lue  entire  branch  for  successive  comparisons.  Every  location  which 
was  varied  after  the  formation  of  the  1-substituted  array  which  gave  riBe  to  the  branch,  was 
later  optimized.  It  may  be  thought  of  as  an  optimized,  1-substituted  array  and  it  differs  from 
the  O-substituted  array  and  all  its  derivatives  by  only  one  non-optimized  location.  The  com¬ 
pletely  specified  arrays  generated  from  the  O-substituted  array  compare  and  optimize  locati.  i.? 
in  the  staircase  manner  as  did  the  previous  branch  until  the  same  number  of  locations  are 
optimized  as  the  previous  branch.  Then  comparison  is  made  between  the  results  for  the  two 
branches,  and  an  additional  location  is  optimized.  The  result  is  the  array  which  represents 
the  optimum  case  for  a  larger  branch  (that  made  up  of  two  smaller  branches).  The  next 
branch  initiates  a  new  staircase  until  the  previously  high  number  of  locations  optimized  is 
reached  where  upon  comparison  can  b-.  made  between  branches.  This  process  continues  until 
all  locations  but  one  are  optimized  for  two  arrays  and  a  final  comparison  between  them  is 
made.  The  result  of  this  comparison  Is  tbs  optimum  network. 

3.  The  Order  In  Which  * 's  and  0's  are  Varied 

The  generation  of  arrays  during  the  synthesis  procedure  is  accomplished  by  letting 
the  's  and  0's  in  incompletely  specified  arrays  assume  the  I  and  0  stale.  At  any  one  point 
in  the  procedure,  only  ons  I  or  0  1s  to  be  varied  at  a  time  and  the  orccess  generates  two 
arrays,  the  1 -spec! fled  array  and  the  O-speclfled  array. 

When  one  has  an  Incompletely  specified  array  with  several  8 's  and  0's,  he  must 
determine  the  proper  one  to  vary.  The  successful  completion  of  the  procedure  depends  on 
the  proper  choice. 

Consider  the  point  In  the  procedure  in  which  a  O-speclfied  array  called  A  hue  had 
as  many  locations  optimized  as  possible.  This  array  is  to  be  placed  in  KOMPAR  and  a  new 
Incompletely  specified  array  called  B  is  to  be  chosen  from  INCAR  to  generate  a  new  branch. 
From  the  way  in  which  the  synthesis  procedure  is  performed,  one  knows  that  there  will  be 
one  and  only  one  location  which  is  specified  as  1  in  array  A  and  specified  as  0  in  array  B. 

Call  this  location  y. 
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During  the  optimization*  that  take  place  In  the  branch  derived  from  the  array  B, 
there  will  arise  one  or  more  completely  specified  arrays  called  C  which  have  the  same 
number  of  locations  optimized  as  A.  When  this  occurs,  arrays  A  and  C  will  be  compared, 
optimizing  location  y.  As  described  in  Section  m.  D.  2,  for  this  comparison  to  be  a  legitimate 
one,  array  C  must  have  optimized  exactly  the  same  locations  as  array  A.  This  happy  result 
is  assured  if  the  6 's  and  0's  are  varied  in  the  correct  order  in  the  branch  derived  from 
array  B. 

To  determine  the  correct  order  of  variation,  consider  the  goal  of  having  exactly  the 
same  locations  optimized  in  C  as  are  optimized  in  A.  This  will  be  assured  if  the  first 
locations  optimized  in  the  branch  derived  from  array  B  are  exactly  those  locations  optimized 
in  array  A.  The  order  in  which  the  6 's  and  0's  are  varied  determines  which  locations  will 
be  optimized  first.  It  happens  that  if  there  is  more  than  one  &  or  0  in  an  array,  the  location 
varied  first  is  optimized  last,  the  location  varied  second  is  optimized  the  second  from  the 
last  and  so  on.  For  a  very  simple  example  of  this,  consider  figure  3-17. 


PARENT  ARRAY  {£•) 

Figure  3-17.  A  Simple  Example  to  Illustrate  the  Variation  of  S  'a  and  0's 

Varyl-  *  the  0  in  2  and  the  A  In  1  in  that  order,  one  obtains  the  tree: 

1 


By  comparing  arrays  (1)  and  (I),  one  optimizes  location  1  yielding  the  array 
(0  1).  By  comparing  arrays  (3)  and  (4),  one  optimizes  location  1  yielding  (0  0).  Comparing 
the  arrays  (0  1)  and (00)  optimizes  location  3.  By  varying  locations  in  the  order  2  -  1,  the 
locations  have  been  optimised  in  the  order  1-3.  U  the  order  of  variation  had  been  1  -  2, 
the  order  of  optimization  would  have  been  3-1. 

Stating  the  forgoing  In  a  more  formal  manner,  aay  that  In  array  A  the  set  of 
optimized  location  is  a ,  and  in  array  B  the  aet  of  locations  which  are  6 '»  or  0's  is  p  . 

The  rule  for  the  order  in  which  the  locations  in  the  aet  p  are  varied  ie:  The  6  '»  or  0'z  in 
locations  in  the  set  />  but  not  in  the  «  should  be  varied  before  the  A 's  and  0's  in  both  the 
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sets  s  and  p  .  Following  this  "ule  assures  that  the  locations  optimized  in  A  will  be  optimized 
first  in  the  branch  generated  from  B  so  that  the  proper  comparisons  ca.i  be  made. 

The  mechanism,  used  in  the  synthesis  proceaurc  f  ,r  choosing  the  correct  S  or  0 
to  vary,  has  been  made  somewhat  more  restricted  than  the  general  rule  to  simplify  automation. 
It  involves  the  use  of  an  array  in  which  the  last  O-specified  array  to  be  optimized  is  stored 
(the  last  array  optimized  before  a  new  branch  is  originated).  In  the  program  this  array  is 
called  IPOPAR.  This  name  is  used  in  the  following  discussion. 

The  optimized  locations  in  IPOPAR  are  indicated  by  0^'s  and  Oj's.  The  in¬ 
completely  specified  array  from  which  the  new  branch  is  to  be  generated  is  scanned  from  the 
left  for  8 's  or  0's.  When  one  is  found,  the  corresponding  location  in  IPOPAR  is  tested  to 
see  if  it  is  a  0Q  or  a  8^.  If  it  is  one  of  these  values ,  the  scan  continues  to  the  right  until 
another  8  or  0  is  found  and  the  test  repeated.  If  the  location  in  IPOPAR  is  neither  8^  or 
Oq,  the  8  or  0  in  that  location  of  the  incompletely  specified  array  is  varied  and  the  synthesis 
procedure  continues  to  the  next  step. 

If  all  of  the  8 's  and  0's  in  the  incompletely  specified  array  are  8's  in  IPOPAR, 
the  procedure  varteB  the  left  most  one. 

4.  Test  to  Determine  if  a  Function  is  Isolated 

An  Important  condition  which  must  bo  met  oefore  a  location  can  be  optimised  is 
that  the  location's  function  must  bo  isolated.  Calling  the  location  to  be  optimized  k  and  its 
function  J,  this  means  that  with  location  K  empty,  the  function  j  must  not  be  error-linked  to 
any  function  whose  location  is  an  X  To  Illustrate  a  case  where  this  condition  is  not  met, 
consider  the  network  in  figure  3-18. 


Figure  1-18.  Network  in  Which  Isolating  Array  of  Function  1  is  not  Necessarily  an 
Isolating  Array  of  Function  4 
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Two  isolating  arrays  of  function  1  are  the  arrays: 

(0000 XXX) 
and  (0001XXX) 

Function  5,  6,  and  7  in  both  these  arrays  are  isolated  from  function  1  by  the  form 
of  the  network.  At  first  glance,  these  two  arrays  appear  to  be  comparable;  the  result  being 
an  array  with  location  4  optimized:  (0000 XX).  This  is  not  true,  however,  because  the  optimum 
state  of  location  4  may  depend  on  the  states  of  locations  5,6,  and  7.  Certainly  one  can  see 
that  the  decision  on  the  optimum  state  of  location  4  depends  on  whether  or  not  locations  5  or  7 
Include  a  restorer.  If  location  5  is  empty  the  decision  also  depends  on  whether  or  not 
location  6  includes  a  restorer. 

Such  a  condition  may  easily  arise  in  the  synthesis  procedure,  because  the  generation 
procedure  creates  arrays  which  Isolate  function  1,  but  there  is  no  guarantee  that  they  isolate 
any  other  function. 

Tu  allow  for  this  occurence,  the  procedure  tests  to  see  if  a  location  is  isolated 
before  it  optimizes  it.  For  example,  say  that  the  two  arrays,  IWORKG  and  JARC*,  each 
with  three  locations  optimized,  are  to  be  compared: 

IWORKG  -  (0  0  0  0  X  X  X) 

JARC  >  (0  0  0  1  X  X  X) 

The  optimization  of  locations  1,  3,  and  3  are  acceptable,  because  an  array  which 
isolates  function  1  and  specifies  location  I  as  0  also  isolates  function  2.  In  like  manner 
function  3  is  isolated  by  an  array  which  isolates  function  I  and  specifies  location  3  as  0.  To 
dstermlna  If  location  4  can  be  optimised  the  procedure  tests  the  array  IWORKG  to  see  if  it 
Isolates  function  4.  R  finds  that  location  4  cannot  be  optimised. 

A  function  le  tested  for  Isolation  by  checking  to  see  if  all  of  the  locations  of  its 
primary  sinks  and  all  of  tbs  locations  of  the  primary  sources  of  these  sinks  are  specified  by 
0,  1,  0J,  or  0j  In  the  array.  If  such  Is  the  csss,  ana  can  be  sure  the  function  Is  Isolated.  If 
such  Is  not  the  csss  and  some  of  these  locations  are  specified  as  X's,  the  function  Is  not 
Isolated  and  the  comparison  cannot  be  mads.  For  the  i  sample  function  5  la  a  primary  sink,  of 
function  4  and  function  7  is  s  primary  source  of  this  sink  and  both  locations  are  X's.  Therefore, 
function  4  is  not  isolated. 


*  These  are  the  computer  program  names  given  to  arrays  that  are  to  be  compared.  They  are 
used  here  simply  to  aid  In  tbs  description. 
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When  the  condition  of  isolation  is  not  met,  the  array  muat  be  modified  so  that  the 
function  becomes  Isolated.  This  is  done  by  placing  8  *s  on  all  the  primary  sinks  of  the 
function  whose  locations  are  X,  and  0's  on  all  the  primary  sources  of  these  sinks  whose 
locations  are  X  For  the  example  array  this  yields:  (0000  8XJf). 

This  type  of  array  Is  called  an  Indirectly  Incompletely  Specified  Array  to  indicate 
the  Indirect  manner  In  which  the  array  became  Incompletely  specified.  The  array  Is  treated 
like  a  normal  incompletely  specified  array  and  is  placed  In  INCAR  for  further  processing. 

As  the  8's  and  0's  take  on  the  1  or  0  state  In  subsequent  processing  function  4  will  be  isolated. 
Note  that  these  arrays  may  Include  optimized  locations. 

The  synthesis  procedure  subjects  every  function  to  a  test  for  isolation  before  its 
location  Is  optimized. 

5.  Link-Limit  to  Simplify  the  Procedure 

Even  through  the  synthesis  procedure  is  designed  to  require  a  far  lower  number 
of  calculations  than  the  exhaustive  search  procedure,  for  large  networks  the  time  required 
for  synthesis  may  still  be  excessive.  There  is  a  rule  of  tlwr..  •,  however,  which  can  be  used 
in  the  procedure  to  considerably  reduce  the  number  of  arrays  *enerated  and  the  number  of 
calculations  made.  This  rule  is  called  the  link-limit. 

The  link-limit  states  that  there  will  be  a  limited  number  of  functions  error  linked 
to  any  restored  function.  Sine?  the  benefits  of  redundancy  dep  -nd  to  a  considerable  extent  on 
the  presence  of  restorers  in  the  network,  the  optimum  design  of  any  network  will  probably 
Include  a  number  of  restorers.  During  tbs  synthesis  procedure  comparisons  between  network 
designs  in  which  moet  of  the  location  are  empty  probably  do  not  contribute  to  finding  the 
optimum.  The  use  of  the  link-limit  eliminates  from  consideration  moat  of  these  unnecessary 
comparisons. 

Tbs  simplification  requlrss  tbs  introduction  of  s  quantity  JTHLD.  *  This  quantity 
ts  the  maximum  number  of  error- linked  functions  which  ell  play  a  part  In  providing  the  input 
to  a  restorer.  Thue  JTHLD- 1  is  tbs  maximum  numbtr  of  srror-linktd  sources  a  restored 
function  may  have.  The  quantity  JTHLD  Is  fixed  by  the  designer  and  represents  what  he  feels 
to  be  s  reasonable  limit.  Considerations  on  the  setting  of  the  quantity  will  be  presented  inter 
in  this  section.  The  link-limit  eliminates  from  consideration  every  array  for  which  the 
number  of  error-linked  sources  of  any  of  Its  restorers  functions  exceeds  the  limit.  Theoe 
arrays  are  called  implausible.  Figure  3-19,  a  and  c  represent  arrays  which  are  implausible 
when  JTHLD  equals  3.  Figure  3-10,  b  represents  an  array  which  is  plausible. 

*  Once  again  this  !s  program  terminology  Introduced  for  simplicity. 
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In  every  application  of  the  synthesis  procedure  for  a  large  network,  many  arrays 
will  arise  which  are  implausible.  Elimination  of  these  arr~ys  from  the  synthesis  procedure 
will  considerably  reduce  the  numoer  of  calculations  which  will  be  required  for  synthesis. 

With  the  link-limit  savings  are  introduced  by  two  mechanisms. 

First,  each  array  is  tested  for  plausibility  as  it  is  compared  with  other  arrays  to 
optimize  locations.  As  an  array,  IWORKG,  enters  the  comparison  procedure  with  no 
locations  optimised,  an  array  is  found  in  KOMPAR  with  no  locations  optimized  (if  one  exists). 
This  array  is  set  equal  to  JARC.  IWORKG  ia  tested  for  plausibility  and  if  it  is  found 
Implausible,  JARC  is  called  the  beet  of  the  two  arrays  without  any  further  calculations. 

JARC  necesea:  itjr  has  oas  store  1  (restorer)  than  IWORKG  so  it  is  more  likely  plausible. 

On*  location  boa  sctr  been  optimised  la  JARC  and  the  array  is  now  set  equal  10  IWORKG  for 
another  pees  'h*mgh  the  comparison  process  and  another  plausibility  teat.  By  finding  the 
array  Implausible,  two  cost  dstornsiaattoas  have  been  eliminated.  It  is  unnecessary  to 
determine  the  costs  of  either  IWORKG  or  JARC  since  IWORKG  is  implausible.  The  plausibility 
tost  ''ontiaues  at  '•arh  pus  through  the  comparison  process  until  s  Plausible  array  is  found, 
than  tbs  synthesis  proesdss  normally. 

If  IWORKG  is  foisd  plausible  the  comparison  proesdss  normally.  No  further 
p.’usibillty  teats  are  mads  on  this  array  as  mors  locations  ere  optimised.  Subsequent 
opti  las tl one  can  only  add  more  restorer  t  to  the  network,  hence  increase  the  array's 
chances  for  plausibility. 

An  an  example  of  the  forgoing  considerations  consider  the  array  A,  in  figure  3-20 
which  is  to  be  compared  with  ar  rays  B,  C,  D  and  E  which  are  stored  in  KOMPAR. 
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become  1  as  the  branch  Is  generated  from  the  incompletely  specified  array.  After  this  is 
done, the  locations  which  are  0’s  in  the  new  modified  array  will  be  0  in  every  array  which  will 
be  derived  from  the  incompletely  specified  array  being  tested. 

When  it  is  determined  that  every  array  that  will  be  generated  from  an  incompletely 
specified  array  le  Implausible,  the  array  is  called  an  impossible  array. 

For  simplicity  call  the  array  drawn  from  INCAR  A,  and  the  modified  test  array  B. 
To  test  the  possibility  of  A  only  locations  which  are  0  tor  all  members  of  the  branch  will  be 
made  0  for  the  test  array  B.  To  assure  that  this  occurs,  l's  will  be  assigned  to  B  in  two 
ways.  First  the  locations  which  are  l's,  8's,  or  0’s  in  A  are  made  1  in  B.  All  these 
locations  will  assume  the  1  state  in  some  array  generated  in  the  branch. 

Secondly  l's  will  be  added  to  some  of  the  locations  which  are  to  be  optimized  in 
the  branch.  Generally  whenever  a  branch  is  being  worked  on,  there  will  be  some  list  of 
partially  optimized  arrays  in  KOMPAR.  Each  member  of  this  list  will  have  some  number  of 
locations  optimized,  and  no  two  members  will  have  the  same  number  optimized.  If  one  were 
to  look  down  the  list  of  number  of  locations  optimized,  KLO,  he  might  find  something  like; 

0,  1,  2,  5,  6,  0.  The  list  in  general  will  not  Include  every  integer  from  zero  to  some  maxi¬ 
mum  number,  but  will  contain  one  or  more  gape.  While  working  on  this  branch,  the  lowest 
gap  will  be  filled.  First  an  array  with  three  locations  optimized  will  be  generated  and  then 
an  array  with  four  locations.  The  last  array  to  be  generated  In  the  branch  will  be  compared 
with  every  array  is  the  List  of  peuiiy  optimise  it  arrays  until  an  array  la  found  with  one 
more  location  optimised  than  the  graatsst  mnrrrstlrr  integer  In  the  list.  The  purpose  of 
the  branch  generated  from  array  A  la  to  generate  aa  array  with  the  same  number  of  locations 
optimised  m  the  array  la  KOMMX  with  the  saisllest  somber  of  locations  optimized  above  the 
gap.  Time  for  the  szampls  the  breach  la  to  gsaarate  aa  array  with  8  locations  optimized. 

Call  this  array  C.  Tha  locations  optimised  la  C  art  tha  locations  to  be  made  l»s  In  the  test 
arrays. 

Now  there  are  boom  aero#  still  remaining  In  array  B.  Every  array  generated  from 
A  will  have  at  laast  this  many  seroe.  Thus  If  tha  array  B  to  tested  for  plausibility  and  found 
Implausible  oat  knows  that  svtry  array  to  tbs  branch  will  bt  Implausible.  Array  A  is  then 
Judged  impossible. 

The  impossible  arruy  cannot  be  thrown  out  because  some  of  its  8's  or  0's  may 
open  paths  Into  parts  of  the  network  which  can  not  be  reached  In  any  other  manner.  Many 
of  the  calculations  diet  are  made  in  the  branch  can  be  discarded  however,  because  if  the 
procedure  were  continued  In  the  normal  manner,  all  comparisons  mads  in  tbs  branch  will  ba 
between  implausible  arrays. 
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The  unnecessary  comparisons  are  eliminated  by  constructing  a  new  array  O  by 
combining  the  arrays  A  and  C.  The  array  D  is  formed  by  replacing  with  one  exception  the 
contents  of  every  location  in  array  A  with  the  contents  of  the  locations  which  are  specified  as 
1,  0,  Oj,  or  9q  in  array  C.  Locations  specified  as  X  in  C  take  on  the  states  specified  in  A. 

Tlie  one  exception  is  the  location  which  would  have  been  optimized  by  comparing  an  array 
generated  in  the  branch  with  array  C.  Call  this  location  y.  Location  y  will  have  been  0  in 
array  A  and  1  in  array  D.  it  is  made  0  in  the  newly  constructed  array  O. 

The  array  D  will  still  be  Impossible  but  it  now  contains  a  number  of  optimized 
locations.  These  have  been  found  with  no  comparison  at  all.  The  reason  for  not  optimizing 
location  y  directly  by  replacing  it  with  a  1  is  that  this  location  has  not  been  checked  to  see  if 
it  is  Isolated.  By  leaving  location  y  as  0  and  continuing  the  synthesis  procedure  from  this 
point, this  check  is  made  as  a  matter  of  course. 

The  array  O  may  or  may  not  contain  8's  and  0's.  The  next  step  in  the  procedure 
after  the  generation  of  this  array  is  to  check  for  this  property.  I!  it  does  contain  8 'a  and/or 
0's  it  is  an  incompletely  specified  array  and  is  placed  in  INCAR,  the  incompletely  specified 
array  list.  If  it  does  not  contain  these  variables  It  continues  on  Its  way  to  have  more  locations 
optimized.  The  first  comparison  to  be  made  will  be  with  array  C.  Since  array  C  is  plausible 
and  array  D  is  not,  array  C  should  be  tbs  superior.  If  the  choice  of  JTHLD  is  wrong  this 
may  not  result.  If  JTHLD  is  too  great  the  error  will  be  corrected  in  subsequent  operations. 

If  JTHLD  is  too  small,  utilising  tbs  link-limit  may  not  result  in  the  optimum. 


To  Illustrate  the  eecond  use  of  the  link- limit  consider  the  situation  illustrated  by 
figure  3-21.  The  arrays  in  this  figure  are  purely  hypothetical,  they  represent  no  real  net¬ 
work. 


(000100100010)  Array  A 

KOMPAR 

KLO 

(9M1M19101X) 

6 

Array  C 

(0001001 1001X) 

5 

(1XXXXXXXXXXX) 

0 

(91XXXXXXXXXX) 

1 

(001XXXXXXXXX) 

2 

Figure  3-21.  Example  Showing  the  Impossibility  Test 


It  can  be  seen  by  compering  arrays  A  and  C  that  y  ia  location  8.  Array  B  is  constructed  by 
first  placing  l's  in  all  locations  which  are  8's  or  0'a  in  array  A.  Then  placing  l's  in  all 
locations  specified  as  9’s  in  array  C.  Array  B  appears  as  below: 

(111111100011)  Array  B. 
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This  is  the  test  array.  All  arrays  generated  from  array  A  will  have  at  least  the  O's  present 
in  array  B.  Say  that  array  B  is  judged  implausible  Indicating  that  Array  A  is  impossible. 

Thus  alt  the  arrays  generated  from  array  A  are  implausible.  Array  D  is  formed  by  com¬ 
bining  arrays  A  and  C  in  the  manner  previously  described. 

(900100100010)  Array  D 

This  array  replaces  array  A  in  the  synthesis  procedure.  By  using  the  link-limit  all  the 
array  generations  comparisons  and  cost  calculations  that  would  have  been  required  to 
optimize  the  five  locations  have  been  eliminated.  This  is  an  extremely  significant  savings 
especially  apparent  for  large  networks  and  small  values  of  JTHLD. 

Whether  JTHLD  is  too  great  or  too  small  depends  on  the  maximum  number  uf 
error-linked  sources  to  a  restored  function  in  the  optimum  network  (the  one  which  would  be 
derived  without  using  the  link-limit).  If  JTHLD-1  is  greater  than  this  maximum,  the  pro¬ 
cedure  should  yield  the  optimum  network.  If  JTHLD-1  is  set  less  than  this  maximum  the 
result  may  not  be  the  optimum.  Such  a  condition  may  be  flagged  if  the  result  of  the  procedure 
has  one  or  more  restored  functions  with  exactly  JTHLD-1  error-linked  sources.  If  this 
occurs  JTHLD  might  have  been  set  too  low,  and  the  synthesis  should  be  tried  again  with  a 
greater  JTHLD. 

For  systems  with  feedback,  under  some  conditions  a  poorly  chosen  JTHLD  will  not 
be  so  easily  flagged.  If  the  optimum  design  has  no  restorers  In  a  feedback  loop,  and  the 
JTHLD  is  less  than  the  number  of  functions  in  tbs  loop,  tbs  procedure  may  yield  a  design 
with  several  restorers  in  the  loop.  There  may  be  no  restored  functions  with  exactly  JTHLD -l 
error-linked  sources. 

Although  the  link- limit  testa  have  been  included  in  the  computer  program  to  perform 
ayntheaia,  they  have  aot  been  thoroughly  tested  to  measure  their  advantages.  They  will  yield 
considerable  reductions  in  the  time  required  for  synthesis,  however,  especially  when 
restorers  are  fairly  close  together  In  the  optimum  network. 

F.  TUB  APPROXIMATIONS  tS  THI  PROCEDURE 

The  Isolating  Array  Synthesis  Procedure  does  not  find  the  network  which  minimizes 
the  True  Coet  of  equation  4.  The  technique  uses  an  approximation  of  this  cost,  so  that  the 
characteristic  of  isolation  can  ba  used  to  considerably  reduce  the  number  of  calculations  that 
must  be  performed  In  the  optimisation  procedure. 
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Assume  a  set  of  functions  are  chosen  from  the  network  and  called  members  of  the  set  Q. 
The  locations  of  the  set  Q  are  to  be  optimized,  but  for  the  moment  let  tite  locations  of  every 
member  of  the  set  Q  be  empty.  Now  let  the  locations  of  the  functions  not  in  the  set  Q  take  on 
an  array  of  states  with  some  locations  filled  and  some  empty. 

The  functions  and  restorers  not  in  Q  can  be  divided  into  two  sets,  E  and  I.  A  member 
of  set  E  is  error-linked  to  at  least  one  of  the  members  of  set  Q  and  a  member  of  6et  1  is 
isolated  from  every  member  of  Q.  Three  disjoint  sets  have  now  been  defined. 

The  approximation  is  based  on  the  method  of  computing  the  reliability  of  redundant 
networks  which  is  described  in  detail  in  Appendix  A  of  the  First  Annual  Report.  This 
appendix  shows  that  the  reliability  of  a  network,  R ,  can  be  factored  into  two  terms  Rj  and 
Rg  such  that: 

R  -  RjRe- 

Rj  consists  only  of  factors  which  contain  the  reliabilities  of  circuits  in  functions  in  the 
set  I,  outside  the  isolated  region.  Rg  consists  only  of  factors  which  contain  the  reliabilities 
of  circuits  in  functions  in  the  sets  E  and  Q,  inside  the  isolated  region. 

Now  say  the  states  of  the  locations  within  the  set  Q  are  to  be  optimized,  with  the 
locations  not  in  set  Q  specified  as  some  array.  When  a  restorer  is  placed  in  a  location,  it 
takes  on  the  function's  outputs.  The  functions  and  restorers  that  were  error-linked  to  the 
function  alone  are  now  error-linked  to  the  function  or  its  restorer  or  perhaps  both,  but  no 
new  functions  are  error-llnksd  with  the  combination.  Than,  as  restorers  are  added  to  the  set 
Q,  the  sets  I  and  E  remain  the  same.  No  new  terms  ere  Introduced  Into  Rj,  so  It  does  not 
change,  but  Rg  changes  because  of  changes  In  the  set  Q. 

The  optimum  array  of  the  states  of  tbs  locations  In  the  set  Q  (given  the  array  of  the 
locations  not  in  Q)  is  that  which  minimises  the  True  Cost.  The  functional  costs  of  the  sets 
Q.  I,  and  E  are  independent  end  are  represented  by  Fq  F{  and  F£  respectively.  The 
True  Cost  for  this  network  is  written: 

True  Cost  «  F,  ♦  Fg  ♦  FQ  *  (l*RjRg)  K.  (6) 

Since  only  the  members  of  set  Q  are  allowed  to  change,  only  the  terms  Fq  and  Rg  of 
the  True  Cost  will  vary.  Say  there  are  two  different  arrays  of  the  locations  in  Q,  Q'  end  Q", 
whose  True  Costs  are  being  compared.  The  difference  between  the  cost  of  the  two  networks  Is: 

True  Cost  (Q')  -  True  Cost  (Q")  *  F^(Q')  -  FQ(Q") 

♦  [l^RgfQ'l]  K  -  [l-RjRg(Q")  ]  K 

=  FQ(Q’)  -  Fq(Q")  ♦  R,  [Rb(Q">  -  Rg(Q')]  K  (7) 
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For  moot  situation*,  the  value  of  Rj  will  be  very  close  to  1  and  will  have  very  little 
effect  on  the  decision  between  the  arrays  Q'  and  Q".  Then  the  approximate  difference  be¬ 
tween  the  true  costs  of  the  two  arrays  is: 

True  Cost  (Q')  -  True  Cost  (Q")  *  FQ(Q’)  -  FQ(Q") 

♦  [«E«n  ■  RE(Q,)]  k  (8) 

The  optimum  array  of  the  locations  in  set  Q  found  using  this  equation  is  independent 
of  the  functions  or  restorers  in  the  set  I.  The  equation  affirms  that  the  optimum  state  of  a 
set  of  locations  does  not  depend  on  the  functions  or  the  state  of  the  locations  that  are  isolated 
from  the  functions  in  the  set.  This  is  a  very  important  approximation  and  it  is  the  crux  of  the 
Isolating  Array  Synthesis  Procedure.  Its  use  considerably  reduces  the  number  of  calculations 
the  designer  will  have  to  make  for  the  synthesis  of  a  large  multiple-line  network. 


In  the  procedure,  the  only  costs  calculated  are  the  costs  of  the  isolated  regions  nr  »de 
up  of  the  sets  Q  and  E.  This  cost  Is  called  the  region  cost  and  is: 

*(Q’)  =  Fq(A')  ♦  Fg  ♦  |i-RE(Q')]  K  (9) 

The  region  cost  Is  lndspsndsat  of  the  set  L  The  difference  between  region  costs  for  the 
arrays  Q’  and  Q"  results  in  equiion  I. 

In  almost  nil  cases  the  aseumptlon  that  Rj  Is  equal  to  1  will  not  seriously  effect  the 
results  of  the  synthesis  procedure.  If  tha  result  Is  different  from  the  True  Optimum,  the 
cost  of  the  resulting  network  will  probably  sot  be  much  greater  than  the  minimum  True  Cost. 

Tbs  approximation  assumes  that  tbs  optimixetfam  of  n  small  isolated  region,  independent 
of  tbs  rest  of  the  network,  is  oouslstsst  with  tbs  optimisation  of  the  whole  network.  The 
approximation  optimises  a  region,  assuming  tbs  rest  of  the  network  is  perfectly  reliable. 

The  difficulty  Is  that  the  actual  cost  of  failure  of  the  isolated  region  is  dependent  on  the 
reliabilities  and  location  states  outsMs  tbs  region.  For  example,  consider  the  extreme  case 
where  the  reliability  of  circuits  in  a  function  outside  the  isolated  region  Is  aero.  These 
circuits  cannot  operate  correctly,  sad  tbs  network  in  surely  failed.  A  restorer  added  to 
minimise  tbs  cost  at  a  region  is  really  no  help  at  all  to  the  total  network,  since  it  has  already 
failed.  The  restorer  can  only  add  to  tbs  functional  cost  of  tbs  network.  The  procedure  does 
not  take  into  consideration  functions  outside  the  isolated  region,  so  the  result  of  the  pro¬ 
cedure  in  this  case  may  not  be  optimum. 


3-44 


This  extreme  example  has  turned  up  the  approximation  in  the  procedure,  but  this  is 
not  serious.  A  good  portion  of  the  network  need  not  be  considered  when  determining  the 
optimum  state  o i  a  location.  This  proves  to  be  so  valuable  an  attribute  that  it  far  outweighs 
the  approximation  brought  to  light  in  this  section. 

It  does  only  lead  to  a  slight  approximation,  because  almost  all  networks  that  will  b? 
synthesized  will  have  extremely  high  reliability  specifications.  When  optimizing  a  location, 
using  some  small  portion  of  the  network,  it  is  not  very  erroneous  to  assume  that  the  rest 
of  the  network  is  working.  Under  this  assumption,  the  procedure  as  described  so  far  is 
perfectly  valid. 

When  K,  the  cost  of  failure,  is  so  high  that  the  goal  ol  the  design  is  to  maximize  the 
reliability  of  the  network,  the  procedure  is  valid  without  any  approximation.  No  matter  what 
the  reliabilities  of  the  functions  outside  the  region  which  includes  some  function  y 
the  optimum  state  of  location  y  is  the  one  which  minimizes  the  probability  of  failure  of  the 
region  and  therefore,  minimizes  the  expected  cost  of  failure  of  the  region.  Utilizing  the 
optimum  cannot  decrease  the  reliability  of  the  network,  and  it  will  increase  it  if  the  rest  of 
the  network  i6  not  sure  to  fail. 

G  THE  COMPUTER  PROGRAM 

The  synthesis  procedure  has  been  programmed  for  Implementatioc  on  an  IBM  7094. 

The  program  uses  FORTRAN  2  and  FAP  coding.  The  FAP  was  included  to  increase  the  speed 
of  the  program  and  to  reduce  (he  amount  ct  memory  required  in  the  synthesis  of  large  networks. 

The  program  has  ran  for  Simple  networks  haring  up  to  90  functions.  The  networks  are 
simplified  to  shorten  the  time  required  for  debugging  runs.  Final  debugging  will  allow  the 
synthesis  of  networks  haring  up  to  M  functions.  This  upper  limit  is  easily  expanded  by 
changing  a  few  limits  in  the  program. 

The  program  has  not  been  reprofeced  for  this  report,  but  a  flow  diagram  outlining  the 
main  steps  of  the  program  can  be  found  in  Appendix  B. 
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IV.  OTHER  USES  FOR  THE  SYNTHESIS  PROCEDURE 

“  «*  -to  Wr  TOto 

®“ ”*  *”*>'  !—<*"  -  wktoft  » p^,„ms 

‘f""  -  ««-».  1.  *  ««TOm  TOto.  ft  ,«,.  a.  p^to.  ft  to.- 

“  *  -**«  -  *aa-m.  ft.  drocftnro  a  mu*  .„  „  a„  ^ 

Ctoamft,prou«,i.mim1lmg.<mm.r«ft.„>m..„,1,s,to.  E.U, 

aW*“  “  '“■“>■  *■  «“  «*"  ■«  —  TOTO.  and  ooe  mun  b.  cbc«,  Aft 

dmmnrn  »*»«,»,  UTOTO  «„*,.«»,  n»  tou»  „  „ 

mto  for  mm  toft.a,  ft  ««  ««,  TO,..  For  ft.  toto, 

“  T"“*  c™  —  ft*  *«*<•  »  b.  TO  ft  mm»r  ft  ft  ft,  to  ,  toft 
"  “  *  taM°°-  “•  «a  ftTO  to  proto,  ,  dfflftft,  «...  to  ft  „„ 

subsrt  Ql  decisions  can  be  made  indepmetenily  ai  all  otter  decisions. 

a  toft.  fiMftj  ft,  TOto  PltoTO  ft  toftft.  ft  mftupk  to  ftm,to  „  m, 

appUmtofttt.tobftapTOto.  T.Utototo«»ctoftpto=..UftTOto. 
ft  ftlftift,  .,  to  TO.  ft  ft*  TO,.  .  tTOTO,  tolit)-  toto  toft,  ft  TO  „,  toft-d 

Jft.ft.daTO«,iTO  M  TO— .TOTOto,  prom.  7toto.„toto 

toTO,  toftTOfttoto— . -^toTO—to TOft.fttoTOftft,  .. 

tbe  o  wrmtiaM.  m.  ,«.  • _ .  . _ . 

lilt  isr«-rf«a-» _ canooncalh 

_  .  fttimpm  it  is  a  line  lor  integrated  electronic 

circnttn,  Thee,  a  (Hit*  a.  - 


r»«w««-l.  Finer  Diagram  tor  Qaality  Control  Problem 


Af»«r  «ch  operation  tt  in  ponsUe  to  a*a«*h*iT  test  all  the  products  that  arrive  at  that 
potot  and  throw  a*a;  all  that  art  taalt;.  This  is  called  tt*  ^n  control  te*  7*  com  * 

brrewiUbe.com  attest  per  product 


associated  with  each  operation.  The  coat  of  the  unit  thrown  away  depends  on  how  far  it  haa 
progressed  through  the  manufacturing  process.  Thus,  there  is  a  cost  associated  with  each 
operation  which  represents  the  cost  of  throwing  away  the  product  after  that  operation. 

Each  operation  in  the  process  has  a  constant  probability  of  producing  a  faulty  unit. 

The  probabilities  may  differ  for  different  operations.  The  number  of  products  thrown  away 
in  the  manufacturing  process  is  assumed  small  relative  to  the  number  passing  through  it,  so 
it  Is  assumed  that  there  is  the  same  number  of  products  passing  through  each  operation. 

With  these  assumptions  the  expected  cost  per  product  of  performing  a  quality  control  test  after 
operation  i  is: 

pi  Ci  +  Qi 

Where  p^  =  the  probability  of  the  product  being  faulty  at  the  ith  operation. 

Cj  =  the  cost  of  throwing  away  the  product  after  the  ith  operation.  Q(  = 
performing  the  quality  control  test  on  the  product  after  the  ith  operation. 

If  quality  control  tests  are  performed  after  every  operation  in  the  set  M, 
due  to  faulty  manufacture  is: 


The  problem  is  to  minimis#  this  cost  by  optimally  making  the  decision  at  each  operation 
whether  or  sot  to  make  a  Quality  control  teat  The  decisions  cannot  be  made  independently 
because  the  value  of  p,  at  aay  operation  dip  suds  on  where  the  fault  eliminating  quality  control 
teats  have  been  performed  previous  to  ike  operation.  Thus,  the  decision  cannot  be  made  at  a 
particular  operation  without  considering  what  other  decisions  have  been  made.  In  fact,  no 
strict  subset  of  decisions  can  be  made  independently  of  all  other  decisions. 

The  solution  to  this  problem  can  bs  found  with  the  synthesis  procedure.  There  are 
other  examples  one  might  postulate  that  will  Illustrate  the  class  of  problems  to  which  the 
procedure  is  applicable,  but  this  one  and  the  redundancy  example  should  be  sufficient  to  at 
least  show  that  the  class  la  not  empty. 

A.  GENERAL  CHARACTERISTICS  OF  THE  CLASS 

With  the  help  of  the  two  examples,  the  general  characteristics  of  applicable  problems 
will  now  be  pointed  out. 


the  cost  of 


the  total  cost 
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1. 


Form 


The  problem  must  be  representable  by  a  network  diagram  such  as  shown  In  figure 
4-2.  The  nodes  and  line  segments  should  describe  the  physical  aspects  of  the  situation  under 
study  and  the  relationships  between  them. 
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Figure  4-2.  Simple  Network  Diagram 


2.  Decisions 

At  each  node  a  binary  decision  must  be  made.  The  decision  determines  the  inclusion 
or  exclusion  ot  some  object  or  operation.  The  decision  does  not  modify  the  network  diagram 
in  any  way,  but  it  affects  some  parameter  of  the  network.  It  is  impossible  to  determine  the 
effect  of  some  strict  subset  of  decisions  without  knowledge  of  some  dec!  Hons  not  in  the  subset. 
The  decision  for  the  redundancy  example  was  whether  or  not  to  include  a  restorer  after  a 
function;  and  for  the  quality  control  example,  it  was  whether  or  not  to  provide  a  quality  control 
test  after  an  operation. 

Given  the  state  of  all  but  one  of  die  decisions.  It  should  be  relatively  simple  to  make 
the  remaining  decision.  Tills  restriction  is  Included  to  keep  the  problem  within  bounds.  The 
synthesis  procedure  requires  that  many  determinations  of  the  optimum  decision  for  one  node 
be  made  with  knowledge  of  the  state  of  the  other  nodes.  If  one  of  these  determinations  is  diffi¬ 
cult  to  perform,  the  procedure  will  tike  too  long  to  implement,  hence  It  will  be  impractical. 

3.  Parameter  to  be  Optimised 

There  la  some  calculable  parameter  of  the  network  which  Is  affected  by  the  decisions 
made  at  the  nodes.  The  goal  of  the  procedure  la  to  optimise  this  parameter  by  determining 
the  best  set  of  decisions  at  the  nodes.  Ths  parameter  for  the  first  example  wae  True  Cost, 
and  for  the  second  It  was  cost. 

4.  Isolation  Occasioned  by  an  Afflrmattva  Decision 

The  characteristic  of  isolation  provided  by  a  restorer  (an  affirmative  decision)  has 
been  described  in  Section  VII.  B.  2  of  the  report.  To  Illustrate  the  characteristic  for  the 
quality  control  example  consider  the  simple  network  diagram  of  figure  4-2. 
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Assume  the  network  diagram  of  figure  4-2  represents  a  manufacturing  process. 

An  affirmative  decision  at  node  2  represents  the  Inclusion  of  a  quality  control  test  after 
operation  2.  This  test  removes  all  faulty  products  from  the  process  at  this  point,  hence  the 
probability  that  a  product  is  faulty  at  nodes  3,  4,  5  or  6  is  independent  of  the  decision  made 
before  node  2.  The  expected  cost  due  to  faulty  manufacture  can  now  be  calculated  independently 
for  the  networks  before  and  after  node  2,  and  their  sum  will  be  the  total  expected  cost.  The 
affirmative  decision  has  resulted  in  Isolation. 

5.  Isolation  Not  Occasioned  by  a  Negative  Decision 

This  characteristic  prevents  the  problem  from  becoming  a  trivial  one.  If  both 
negative  and  affirmative  decisions  resulted  in  the  isdlation  of  decisions,  each  decision  would 
be  completely  isolated  from  every  other  decision.  This  would  make  it  possible  to  make  each 
decision  independently  of  all  others.  Of  course  the  synthesis  procedure  is  not  needed  for 
problems  in  which  all  decisions  can  be  made  independently. 

The  final  two  characteristics  deal  with  negative  and  affirmative  decisions.  Of 
course,  by  the  reversing  the  definitions  of  negative  and  affirmative,  the  characteristics  can 
Just  as  well  rend  that  negative  decisions  result  in  isolation  and  affirmative  decisions  do  not. 

If  a  problem  poeeeses  these  characteristics  It  is  amenable  to  solution  by  the  Isolating  Array 
Synthesis  Procedure. 


V.  CONCLUSION 


The  Isolating  Array  Synthesis  Procedure  has  been  developed  to  the  point  where  it  is  now 
available  for  evaluation  and  use.  The  program  to  implement  the  procedure  on  a  digital  com¬ 
puter  has  been  run  successfully  for  several  example  networks.  The  first  large  scale  synthesis 
task  is  being  readied. 

The  time  required  tor  synthesis  depends  primarily  on  the  number  of  functions  in  the 
network,  the  interconnection  pattern  between  the  functions  and  the  value  assigned  to  JTHLD, 
the  maximum  number  Of  error-linked  functions  providing  the  Inputs  to  a  restorer.  At  this 
time  the  number  of  networks  synthesized  with  the  procedure  is  insufficient  to  estimate  the 
time  required. 

Several  projects  still  remain  to  be  performed.  The  program  for  the  synthesis  procedure 
provides  a  tool  for  its  own  evaluation  and  the  discovery  of  Insights  concerning  the  placement 
of  resoters  in  redundant  networks.  A  carefully  designed  test  schedule  should  reap  consider¬ 
able  benefits  in  the  understanding  of  redundant  networks. 

The  discovery  of  a  procedure  to  concurrently  optimise  the  order  of  redundancy  of  the 
functions  of  the  network  and  the  placement  of  restorers  within  it  has  not  yet  been  accomplished. 
However,  some  initial  probes  Into  this  area  have  Indicat'd  that  this  additional  task  can  be 
done  with  some  modifications  of  the  present  procedure.  The  accomplishment  of  this  task 
will  allow  the  different  functions  In  the  network  to  assume  different  orders  of  redundancy  in 
an  optimum  manner.  Particularly  important  is  the  ability  to  find  the  optimum  network  In  which 
only  order  three  redundant  and  non-redundant  functions  sre  allowed.  A  procedure  with  this 
ability  appears  to  have  the  most  Immediate  application.  Some  future  study  should  be  devoted 
to  this  problem. 

This  study  has  developed  a  tool  of  significant  value  to  engineers  charged  with  the  design 
of  redundjuit-multlple-ltne  network*  the  procedure  finds  the  opttroum  placement  of  restorers 
In  networks  of  arbitrary  topolofry  Th.s  pr  xedure  is  a  significant  contribution  to  the  state-of- 
the-art  because  it  performs  an  optimization  never  before  achieved  except  by  exhaustive  search. 
The  techniques  described  here;  r.  ny  also  find  applications  in  the  solution  of  other  problems 
which  are  concerned  with  making  a  large  set  of  binary  decisions  In  an  optimum  manner. 
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APPENDICES 


Appendix  A 

EXAMPLE  DESIGN 

To  illustrate  the  performance  of  the  synthesis  procedure,  this  example  design  Is  pre¬ 
sented  in  figure  A-l.  It  shows  both  the  array  generation  procedure  and  the  array  comparison 
procedure.  The  arrays  that  are  generated  by  comparisons  and  contain  optimized  location* 
are  underlined.  The  comparisons  that  have  been  made  are  noted  for  the  first  branch  of  the 
tree.  The  symbol  c  indicates  a  comparison  of  true  costs.  An  equation  of  the  form:  @  - 
|@  c  (3^  c  (t)  indicates  the  arrays  which  take  part  in  the  comparison  and  the  order 
in  which  the  comparisons  are  performed.  For  instance,  this  equation  Indicates  that  array  9 
is  formed  by  first  comparing  arrays  3  and  8,  and  then  comparing  the  result  of  this  comparison 
with  array  7. 

For  the  example  JTHLD  Is  set  equal  to  3,  so  regions  with  lour  or  more  error-linked 
functions  are  not  considered  in  the  synthesis.  The  possibility  test  Is  illustrated  but  the  plausi¬ 
bility  test  cannot  be  shown  in  such  a  diagram. 


Figure  A*l.  A  Detailed  Example  of  The  8; 
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Appendix  B 

A  DESCRIPTION  OF  THE  PROGRAM  FOR  THE  COMPUTER 
IMPLEMENTATION  OF  THE  SYNTHESIS  PROCEDURE 

L  GENERAL  DISCUSSION 

The  following  serve  as  inputs  to  the  program: 

1.  Connections  of  the  network 

2.  Threshold  for  the  link-limit 

3.  Order  of  redundancy 

4.  Number  of  functions 

5.  For  each  function  and  restorer,  the  cost  of: 

a.  Implemer  xtion 

b.  Power 

c.  Weight 

6.  Cost  of  failure  (K) 

7.  Reliabilities  of  each  function  and  restorer 

8.  Minimum  number  of  lines  for  successful  aperatiou 

9.  The  timber  and  Use  of  outputs  of  the  network. 

The  output  of  the  program  ia  aa  array  showing  Ike  optimum  placement  of  restorers  in 
the  network. 

Figure  B-ta  shows  a  ata-staasast  astwork  whose  optimisation  tree  is  manually  developed 
aa  an  tnnpb  in  the  iBsranstos  of  the  program  which  fottowe.  A  general  Oow  diagram  of  this 
program  ia  illnstratod  ia  figure  B4. 

lapot  information  in  the  program  is  sntsrid  at  Mock  A.  Reliabilities  and  coats  of  vari¬ 
ous  arrays  are  calcslatsd  is  the  Mock  at  «w  bottom  which  ia  design  ted  as  K.  The  remainder 
of  the  program  serves  to  develop  the  tree  irrnrdttg  to  the  rales  of  the  synthesis  procedure 
and  to  route  the  various  generated  arrays  to  heir  proper  places. 

A.  THE  CONNECTION  TABLE  (1CONT) 

Let  us  now  ess  mine  how  the  configuration  of  the  network  to  be  optimised  is  converted 
into  cor  puter  input  information.  For  the  network  to  figure  B-la  a  connection  table  of  the 
type  shown  in  figure  B-l(b)  may  be  roesfrurted  la  essence,  this  table  is  a  matrix  where 
the  columns  represent  the  outputs  of  the  designated  functions  sad  the  rows  the  inputs  to  the 
designated  functions.  A  "1"  raprenente  a  coanec-ioa.  Tbssly,  it  may  be  seen  from  figure 
B-la  and  B-lb,  that  a  T"  tn(2,  l)meausthat  the  output  of  fraction  I  ia  the  input  of  function  I. 
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rnoaarttnn  txhle,  minNlNCt.  aranotIB. 

B.  lUMnTtfUT 

the  parol  array  le  UnN  (m  Me  rurltra  tNMe  hy  piecing  a  S  in  location  ]  at  the 
array,  a  ♦  hi  every  Iratte  ' chare  a  "l"  man  In  Me  flret  ram  cf  the  connect) on  table,  and 
an  X  le  all  tmmUatet  terattnee. 

C.  ITA 

Par  reameehtch efll  Her  hocoMe  tore  erUM,  a  Manure  at  dbotan ce  from  the 
parent  array  ia  made  aloof  Me  tree  (nee  (ipre  B-I)  ae  it  fctelcpi.  Thia  distance  neuurr- 
ewt  1*  ia  the  tone  erf  mreadMf  NNegera  raUnC  ITA.  Thee,  the  parent  array  ia  at  ITA  ). 
the  next  groap  a i  .•rntye  it  ITA  =  X,  etc. 
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Figure  B-2.  General  Flow  Diagram 
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D.  KOMPAR 


n 

t 

I 
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Completely  specified  arrays,  when  stored,  are  kept  in  a  block  in  memory  designated  as 
KOMPAR.  This  block  is  a  two  dimensional  matrix  j»  which  completely  specified  arrays  are 
stored  in  locations  corresponding  to  their  ITA  values.  The  form  which  this  matrix  takes  is 
shown  in  figure  B-3.  Thus,  for  example,  the  array  in  KOMPAR  (5)  is  (Ml  XIX). 


ITA 

ARRAY 

1 

(000  000) 

2 

(1XX  XXX) 

3 

(SIX  XXX) 

4 

(000  000) 

S 

(Ml  XIX) 

6 

(mi  xei) 

Figure  B-3.  An  Example  of  Arrays  Stored  in  KOMPAR 


E.  KLO 

A  count  of  the  number  of  locations  optimised  la  made  for 'sack  array  In  KOMPAR  and 
this  number  la  stored  in  a  Hat  called  KLO.  The  ITA  value  of  the  array  with  the  given  number 
of  locations  optimised  Is  also  tacludsd  la  the  KLO  list  The  form  of  this  list  Is  shown  in 
figure  B-4. 


If  we  desi  •  to  find  aa  array  in  KOMPAR  with  no  locations  optimised  we  need  only 
search  through  the  KLO  list  to  find  that  such  aa  array  exists  at  ITA  *  3.  Now  looking 
through  KOMPAR  for  the  array  at  ITA  •  3,  we  can  extract  (1XX  XXX),  which  indeed,  has 
zero  locations  optimised. 


«  t. 


F.  INCAR 

Incompletely  specified  arrays  are  stored  in  a  similar  manner  as  are  ones  which  are 
completely  specified.  The  block  in  memory  in  which  the  incompletely  specified  arrays  are 
stored  is  called  INCAR,  and  takes  the  form  of  figure  B-5.  Arrays  are  placed  in  INCAR  as 
shown.  Whenever  they  are  extracted,  the  location  is  filled  with  zeros. 
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Figure  B-5.  INCAR  With  Arrays  Stored  at  ITA  =  2  and  1TA  =  4 


G.  SYMBOL  CODING 

The  symbols  1,  0,  t,  0,  X,  6j, 
0  thru  6  as  shown  in  figure  B-6. 

and  Qq  are  represented  in  the  program  by  the  numbers 
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6 

Figure  B-6.  The  Coding  Symbols  of  the  Program 


Thus  the  array  (10X 1 00 1 )  is  converted  to  the  representative  numerically-coded  array 
(1045065).  Likewise  (#1  0Q  XX  XXX)  is  represented  by  (2344  444). 
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H.  PACKING  AND  UNPACKING 


In  FORTRAN  it  would  be  necessary  to  utilize  one  storage  location  for  each  code  number 
in  an  array.  Therefore,  the  array  (2344  444)  would  requtre  seven  words,  the  first  one  ”2", 
the  next  "3",  etc.  By  using  FAP  subroutines,  arrays  such  as  the  above  can  be  neatly  packed 
into  single  words,  effecting  a  twelve  times  reduction  in  array  storage  requirements.  In  the 
above  example  the  array  (2,  3,  4,  4,  4,  4,  4)  would  be  packed  as  (23444440000Q).  * 

Whenever  the  number  of  symbols  to  be  packed  exceeds  12,  more  words  are  added. 

For  example,  when  the  program  is  packing  a  100  symbol  array,  nine  words  must  be  assigned 
to  the  array.  The  eight  extra  locations  needed  to  fill  the  ninth  word,  a  partially  completed 
word,  are  filled  with  zeros. 

When  an  array  is  to  be  used  in  the  FORTRAN  program  it  must  first  be  unpacked  sc  that 
each  symbol  is  designated  by  its  own  word.  A  special  unpacking  subroutine  is  used  to  accom¬ 
plish  this. 

I.  IPOPAR  TEST 

Assigning  l's  and  0's  to  S 's  and  K's  in  an  incompletely  specified  array  must  be  done  in 
proper  order,  so  that  those  locations  previously  optimized  must  be  varied  last.  (See  Section 
III.  E.  3).  A  record  of  these  previously  optimised  locations  is  kept  in  an  at  ray  in  memory  which 
is  called  IPOPAR.  The  IPOPAR  test  must  then  necessarily  precede  the  assigning  of  l's  and 
0's  to  Incompletely  specified  locations  in  WORK. 

J.  DEVELOPMENT  OF  THE  TREE 

We  are  now  ready  to  see  how  the  tree  illustrated  in  figure  B-lc  is  developed  by  the 
program  of  figure  B->,  as  the  program  proceeds  thru  its  various  paths.  An  enumerated 
description  of  thase  paths  now  follows. 

PATH  1 


Block  8tsp 

A  1. 

Input  information  describing  the  network  enters  the  computer  in  the 

form  of  n  connection  table. 

2. 

The  ITA  is  set  to  1. 

3. 

From  the  connection  table  the  parent  array  in  formed  (figure  B-lc, 
(1) )  and  set  into  IWORK.  The  flow  now  enters  B. 

*  The  maximum  number  of  symbols  which  may  be  stored  in  the  IBM  7094  memory  word  Is  12. 
Each  number  is  In  the  octal  system. 


PATH  1  (Continued) 


Block  Step 


B 


1.  The  ITA  number  la  advanced  to  2. 


C 

D 


2.  The  IPOPAR  teat  la  made  to  determine  whi'ih  location  is  to  be  varied. 

3.  Firat  a  1  is  substituted  for  that  location  and  the  array  is  termed  a 
"1 -substituted  array".  It  is  designed  in  the  program  as  IWORK1. 
Likewise  an  array  termed  the  "O-aubatltuted  array"  is  generated  by 
substituting  a  "0"  in  the  proper  location  and  adding  the  appropriate 

S's  and  0'S.  The  array  is  named  IWORKO.  IWORK1  and  IWORKO 
are  represented  in  figure  B-lc  as  arrays  (2)  and  (3),  respectively. 

1.  Yin  the  first  pass  into  block  C,  IWORKG  is  created  by  being  set  equal 
to  IWORK1.  On  the  second  pass  IWORKG  wiU  become  IWORKO. 

1.  A  test  of  the  specification  of  IWORKG  is  made  here.  Since  IWORKG 
is  array  (2)  in  figure  B-lc  and  in  not  incompletely  specified  (i.e.,  it 
is  completely  specified)  we  enter  E  instead  of  H.  , 


E 

Q 

r 


s 

R 


1.  The  number  of  locations  optimised  in  IWORKG  (number  of  0's)  is 
determined.  In  thin  case  the  number  is  0. 

1.  In  ordtr  to  find  n  suitable  array  to  compare  with  IWORKG,  a  search 
Is  mads  thru  the  KLO  Hot  for  an  array  in  KOMPAR  with  the  same 
•umber  of  locations  optimised  I.  r  •'■.  Since  this  is  the  first  path, 
no  peer  tows  arrays  exist  to  saable  a  comparison,  and  the  flow  exits 
P  tabs  8. 

1.  Tbs  array  ta  a  1 -substituted  arrant) 

\ '  ■ 

1.  The  array  ta  placed  into  KOMPAR  (2),  where  "2"  is  the  present  ITA 
number.  It  appears  in  figure  B-l  at  ITA  of  2  (arrays  with  higher 
ITA 'a  db  aot  exist  at  this  point  of  the  program).  Furthermore,  a 
note  is  made  in  the  KLO  list  (figure  B-4)  that  in  KOMPAR  of  ITA-2. 
an  array  exists  with  0  locations  optimised. 


Path  I  now  ends  with  a  second  entry  into  C. 
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Since  this  is  the  second  entry  into  C,  IWORKG  now  becomes  JWORKO, 
which  is  (3)  in  figure  B-lc. 

IWORKG  is  incompletely  specified  and  the  flow  exits  into  H. 

The  array  is  O-substltuted  and  we  proceed  to  Q. 

INCAR  of  ITA=2  is  empty  since  this  is  the  first  Incompletely  specified 
array  encountered  at  this  ITA  number. 

IWORKG  is  placed  tn  INCAR  (2)  as  shown  in  figure  B-7. 

A  search  through  INCAR  for  the  last  array  in  it,  is  made.  In  this 
case,  the  last  array  is  the  array  just  placed  into  INCAR  in  1,  above. 
This  array  is  now  entered  into  the  array  called  IWORK,  as  the  pro¬ 
gram  completes  PATH  2  on  its  entry  into  B. 


ARRAY 

(000  000) 
(OfiX  XXX) 
(000  000) 
(000  000) 


figure  B-7.  INCAR  With  an  Array  at  ITA  »  2 
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ITA  is  increased  Iron  2  to  3. 

IWORK,  which  is  array  (3)  in  figure  B-lc,  undergoes  the  IPOPAR 
test  to  find  which  location  must  next  be  varied. 

IWORK1  and  IWORKO  are  erented  by  the  substitution  of  a  1  and  a  0 
respectively  in  the  location  found  in  2  above.  In  figure  B-lc  these 
arrays  are  (4)  and  (5)  respectively. 


PATH  3  (Continued) 


Block  Step 

C  1. 

D  i. 

E  1. 

F  1. 


G  1. 


2. 


3. 


H  1. 

I  1. 

J  1. 

2. 


This  being  the  first  pass  into  C  for  the  new  IWORK1  and  IWORKO, 
IWORKG  is  set  equal  to  IWORK1. 

IWORK1  is  (4)  in  figure  B-lc  and  i6  not  incompletely  specified.  The 
flow  proceeds  to  E. 

The  number  of  locations  optimised  in  IWORKG  is  0. 

There  is  an  array  in  KOMPAR  with  no  locations  optimized.  The  KLO 
list  reveals  it  is  at  ITA-2.  In  KOMPAR  (2)  the  array  (1XX  XXX)  is 
listed  and  is  array  (2)  in  figure  B-lc. 

In  the  comparison  of  the  KOMPAR  array  and  IWORKG,  the  location 
to  be  optimized  is  the  one  which  contains  a  "0"  in  one  of  the  arrays 
and  a  "1"  in  the  other  array.  This  location  is  found  here. 

The  array  found  in  KOMPAR  (2)  is  extracted  by  setting  it  into  an 
array  called  JARC. 

JARC  is  made  to  look  like  IWORKG  by  changing  all  those  locations 
which  are  'X'  in  JARC  to  those  symbols  occupying  the  same  locations 
in  IWORKG.  Urns,  in  this  path  the  second  location  in  array  (2), 
figure  B-lc,  sesames  the  value  of  the  second  location  of  (4),  figure 
B-lc.  JARC  aad  IWORKG  are  sow  ready  for  comparison. 

IWORKG  is  sot  ladtrsrtly  incompletely  specified  and  the  flow  enters  I. 

la  order  to  he  rms»art<  for  coet,  IWORKG  aad  JARC  are  made  equal 
10 1DBC  oh  at  a  time  t.e.  the  cost  Is  first  found  for  IDEC  =  IWORKG 
aad  thea  tor  WWC  *  JARC.  This  first  time,  then,  IDEC  =  IWORKG. 

The  plausibility  is  performed  tor  IWORKG.  If  IWORKG  is  Implausible 
the  location  to  he  optimised  is  set  to  •,  aad  the  flow  skips  to  El  in 
path  4. 

U  plausible,  the  error-linked  source  matrix*  Is  created  lor  IDEC  * 
IWORKG. 


*  The  error-linked  source  matrix  is  used  is  the  reliability  analysis  as  described  in  the 
First  Annual  Report 
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PATH  3  (Continued) 


Block 

Step 

K 

1. 

Lower-bound  r  eliability  is  computed  lor  IWORKG. 

2. 

True  cost  is  obtained  for  ID  EC  and  stored. 

3. 

Since  IDEC  =  IWORKG,  the  flow  returns  to  L 

I 

1. 

IDEC  =  JARC 

J 

X. 

The  error-linked  source  matrix  for  IDEC  =  JARC  is  created. 

K 

1. 

Lower -bound  reliability  is  obtained. 

2. 

True  cost  is  computed  for  IDEC  and  stored. 

Z 

1. 

The  array  with  the  lower  true  cost  is  chosen  and  set  into  IWORKG  as 

the  flow  returns  to  E  and  the  path  is  completed. 

2. 

If  the  1 -substituted  array  is  chosen  as  most  optimum,  then  6^  is  sub¬ 
stituted  in  the  location  to  be  optimised.  If  the  O-siibstatuted  array  is 
optimum  a  Bq  is  placed  in  the  location  to  be  optimised. 

PATH  4 

Block 

Reg. 

'J 

E 

1. 

The  number  of  locations  optimised  in  IWORKG  is  one. 

F 

1. 

In  KOMPAR  there  Is  no  army  at  this  moment  with  one  location 

optimised. 

S 

1. 

Array  (4)  fa  figure  B-lc,  is  m  1 -substituted  array. 

R 

1. 

The  array  is  placed  Mo  KOMPAR  of  ITA  *  3.  The  program  returns 

to  C  to  complete  path  4.  The  array  appears  in  KOMPAR  ae  shown  in 
figure  B-S  at  ITA  *  3  and  its  number  of  locations  optimized  (one) 
appears  is  the  KLO  list  with  ITA  *  3. 

PATH  5 

Block 

C 

1. 

As  the  flow  enters  C  for  the  second  time  IWORKG  becomes  IWORKO. 

This  is  array  (5)  In  figure  B-lc. 

D 

1. 

IWORKG  is  incompletely  specified. 

9-J? 


PATHS  ((Continued) 


Block 

Step 

N 

F 

IWORRG  is  NOT  a  1-sub  sfttuted  array. 

Q 

F 

IN  CAB  xff  ITA  =  3  is  snot  full  since  no  array  has  previously  been 

placed  into  this  position. 

P 

F 

IWOB&G  is  placed  into  3N.CAB  (3)- 

2. 

The  last  array  is  sought  in  INCAE. 

3. 

This  last  array,  which  is  fee  sane  inserted  in  KL,  is  pulled  out  of 

IN  CAB  and  set  into  IWQBK.  Figure  B-B  shows  INCAB.  (3)  as  array  \5) 
off  figure  B-lc. 


ITA 

ABEAT 

1 

'■(.000  DM) 

2 

5,300  (000) 

.'3 

((004  XAX  ) 

4 

£000  (000) 

•ft 

ft 

7* 

•M 

7» 

Fipw  B-4. 

OSCAR  BWth  Aa  Array  at  ITA  =  J 

PATH* 

mock  atop 

B  1. 

2. 
X 

€  F 

B  F 

N  F 

M  F 


ITA  is  toiwcto  to  X 

The  1POPAS  toot  Mhcafea  *Md>  location  is  to  toe  carted. 

A  *T"  mU  "’0"  are  «*stltih«<  ior  fed*  location  (to  sereate  IWORK1  -and 
fWOCKO,  These  represent  array  (j[i)  and  ((7)  iin  figure  B-lc, 
rraperHvely. 

IWOKKG  b<S?o«ne*  IWOWtl, 

3WORKG  ia  anroBBjflrtftly  specified. 

IWORKG  is  a  l-subntituied  array. 

IWORKG  is  atoned  (to  INCAB  ((4).  See  figure  B-SL 
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I5gur<e  5B-B.  INCAR  With  An  Array  (£)  at  tta  =  4 


JWQREG  become®  ISRGEKCL 
3WQREG  4b  incompletely  specjBed. 

IW.QHKG  is  <3.  ®~:Biibfit3tutefl  .•ny.^gy 
!D«C  AR  {(*)  is  Sufl.  at  icoKtsans  array  '(E)  figure  S-lc. 
INCAR  ((4)  is  extracted. 
*WOWC<54«®l*Pe4isOlCAft! (4)  ***»«** 

'She  **tr*ctad  array  «ff  M  is  gflaoed  onto  WORK. 

ARRAY 

((000  !000) 

((000  ®0C) 

((000  (000) 

W»  »*) 


ITA 

1 

2 

2 

4 


figure  B-1&  INCAR  With  Away  (?)  at  ISA  =4 
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1TA  is  advanced  to  5. 

The  IPOPAR  test  determines  which  location  is  to  be  varied. 

A  "1"  and  "0"  are  substituted  in  this  location  to  form  IWORK1  and 
IWORKO. 

IWORKG  becomes  IWORK1  (array  (8)  ,  figure  B-lc). 

IWORKG  in  not  incompletely  specified. 

The  number  of  locations  optimized  is  0. 

There  is  an  array  in  KOMPAR  with  an  equal  number  of  locations 
optimized.  It  is  at  ITA  =  1. 

The  location  is  1. 

JARC  becomes  array  (1)  figure  B-lc. 

JARC  is  made  to  look  like  IWORKG  by  placing  a  "0"  a  "1",  and 
another  "1",  in  locations  2,  3,  and  5  respectively. 

IWORKG  is  not  indirectly  incompletely  specified.  The  plausibility 
check  is  made.  If  Implausible,  the  optimized  array,  containing  a  0 
in  location  1,  is  set  equal  to  IWORKG.  The  array  is  (801  XIX). 


The  number  of  locations  optimized  is  1. 

There  is  an  array  in  KOMPAR  with  an  equal  number  of  locations 
optimized.  It  is  at  ITA  =  3. 

The  number  of  the  location  to  be  optimized  is  2. 

JARC  becomes  (fix'  XXX). 

JARC  is  changed  to  (Ml  XIX). 

No 

The  plausibility  check  is  made.  If  implausible,  IWORKG  and  JARC 
ar1.1  compared  ,Uid  the  least  costly  becumtk  l/,f*  nhW  IWORKG,  with  0's 
in  locations  1  and  2.  The  new  IWORKO  Is,  then,  (881  XIX). 
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The  number  of  locations  optimized  is  2. 

There  is  no  array  in  KOMPAR  with  an  equal  number  of  locations 
optimized. 

The  array  is  a  1-substituted  array. 

IWORKG  is  placed  in  KOMPAR  (5)  and  appears  so  in  figure  B-3. 


PATHS  11  and  12 

By  similar  method  array  10  figure  B-lc  is  generated  and  compared  to  array  (1)  to  give 
an  array  with  one  location  optimized.  This  partially  optimized  array  is  then  compared  with 
the  array  in  KOMPAR  (3)  and  that  resulting  array  with  the  one  in  KOMPAR  (5)  to  yield  in 
KOMPAR  (6)  an  array  with  3  locations  optimized  (see  figure  B-3). 

Array  (11)  is  likewise  developed  until  a  comparison  can  be  made  with  the  partially 
optimized  array  of  KOMPAk  (6)  to  yield  an  array  with  four  B's.  This  array  is  the  output  of 
Z  and  is  set  to  IWORKG. 


PATH  13 


Block  Step 

E  1.  The  number  of  ions  optimized  in  IWORKG  is  four, 

F  1.  There  is  no  array  in  KOMPAR  with  an  equal  number  of  locations 

optimized. 


S 

u 


1.  IWORKG  is  not  a  1-aubatttuted  array. 

1.  A  search  thru  INCAR  reveals  that  the  last  array,  which  has  never 
been  extracted  is  at  1TA  =  4.  This  Is  array  (7)  in  figure  B-lc.  The 
array  is  now  extracted. 

2.  IWORKG  ts  therefore  placed  in  KOMPAR  (4). 

1.  A  check  is  made  to  determine  whether  the  last  array,  extracted  in 
Ul,  is  possible. 


If  the  array  is  possible,  it  is  placed  into  IWORKG  and  the  chain  Is 
generated. 
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PATH  13  (Continued) 


Block  Step 

T  If  the  array  Is  not  possible,  the  flow  contines  to  V,  where  the  array 

described  in  Section  III.  E.  5  is  constructed.  In  W,  the  flow  is  routed 
to  either  C  or  E,  depending  on  whether  the  array  is  incompletely 
specified  or  not. 

In  a  similar  manner  the  remainder  of  the  tree  is  developed  until  eventually  a  search 
through  INCAR  for  the  last  array  reveals  that  there  are  no  more  arrays  stored  in  INCAft. 

At  this  point  the  existing  IWORKG  will  have  all  its  locations  optimized  (either  8^  or  0q). 
This  optimum  array  is  then  placed  into  IOPTAR  and  represents  the  optimized  network  and  the 
desired  final  result. 


The  Indirectly  Incompletely  Specified  Case 

Section  ip.  E.  4  discusses  the  occurrence  of  the  Indirectly  Incompletely  Specified  Case. 

In  the  program  this  case  is  determined  when  IWORKG  is  tested  at  H.  A  "yes"  decision  sends 
the  flow  to  0,  where  i's  and  0's  are  placed  in  the  necessary  locations.  Upon  leaving  0,  the 
flow  continues  to  H  and  the  remainder  of  the  program  as  already  described. 
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